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The Freiman-Ruzsa Theorem
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V<exp(K) - |A]

Sumset A+A={a+a ; a,a €A}
Doubling-constant K measures approximate subgroup structure

Observation: Sefs that are E-—dewse i a subspace have doubling K



Why (s it useful tn TCS?

Property festing Quantuim complexity

Randomness

Linear (ocal correction

Worst-case to average-case reductions

Constraint satisfaction problems, sparsification, derandomisation ,
communication complexity, coding theory, structure-vs-randomuness

decompositions, pseudo-randomness, PAC learning, and much more.

Two caveats: 1) Large subspace 2) Nou-algorithmic



Freiman-Ruzsa Theorem, Lot ACF, s.t. |[A+A| <K|A|. Then ACV

for a subset V<) of size V<exp(K)-|A] Can we gef poly(K)?
\ /
€a
Structure l Randommness
€

A= ”:gfl eg A = {61,62,...,ek}
[A+A|=|A [A+A|=0(|A])
A Is a subspace | Span(A) | = 2¥

Consider A = {ey, e, ..., e} U [Fg_k
2k
|A+A|=0k*-2""% =0(k|A|) but Span(A) = 2" > = |A|

However, A can be covered by k + 1 trauslates of a subspace V, |V| < |A]
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Polynomial Freiman-Ruzsa (PFR) Conjecture [Marton "99]: we can

always cover the set by polynomially many tramnslates of a small subspace.
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PFR Theorem (Gowers, Green, Manners, Tao 25)
Let ACE, s.t.|A+A| <K|A| for doubling-constant K > 1. Then A can

be covered by poly(K) trauslates of a subspace V<, of size |V| < |A]

Caveat: non-algorithmic



Main resulf

Algorithmic Polynomial Freiman-Ruzsa Theorem

Let ACE, s.t.|A+A| < K|A| for doubling-constant K > 1. There (s an

ofFicient algorithm that a subspace V<, of size

| V| < |A| s5.t. A can be covered by poly(K) frauslates of |V].

EfLicient: O(n™) Hime, O(n?) queries, and O(n) random samples From A

Quantum proof for a classical theorem



Proof strafegy

Natural approach: Make GGMT s proof algorithmic

Problem: Proof via the enfropy method; exponential sums

[nstead, we take a detour to the Polynomial Gowers luverse Theorem

X+a +L+¢

Quadratic structure

Gowers U norm

(local) (global)



Gowers Uniformity Norms

The Gowers U> norm (s a local measure of quadratic structure

of a function f: F, - C
1/8

1A ls = | By cers H %'a”f(x wa + @,b a)3c)
wef0,1}°

Geometrically:

f)fx+a)fx+b)fx+o)fx+a+b)f(x+a+c)fx+b+c)f(x+a+ b+ c)



Gowers Uniformity Norms

The Gowers U> norm (s a local measure of quadratic structure

of a function f: F, - C
1/8

1A ls = | By cers H Cc?'c‘)']”(x wa + @,b a)3c)
wef{0,1}3

Analytically:  Multiplicative dertvative A, f(x) := f(x + h)f(x)
TI"‘Q“/ ”f”?ﬁ — x,a,b,CEFgAaAbAcf(x)
I£ f(x) = (= 1)?) for a quadratic polynomial ¢ : -,

then A A A f(x) =1



I£ f correlates with a quadratic phase, it must have large U> norm
1l 2 | Evepy (=12

for all quadratic g : Fy — [,

Gowers U? luverse Theorem [Samoroduitsky 0F, Green-Tao 08]
If [ F5 — [—1,1] satisfies ||fll s = v, then there exists quadratic g s.tf.

E,ery (=17 > e(p) > 0.

Polynomial Gowars luverse (PGl) Theorem [GGMT25): c(y) = poly(y)
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Proof strategy (revised)

Polynomial Freiman-Ruzsa (PFR) -> Polynomial Gowers luverse (PGl)
PGl 15 combinatorially equivalent to PFR, so the plan i5:
1) Show an algorithmic PGl Theorem

2) Make the PGI-PFR equivalence algorithmic.
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New goal

Algorithmic Polynomial Gowers luverse Theorem
Let f: F2 — [—1,1] s.t. |Ifllys = 7. There exists an efficient algorithim
that finds a quadratic polynomial g : F5 — F, s.t.

E,ery [fCO(= 1] > poly(y)

X+ +b+¢ |

=

= Xta4b é-/////
|

|

Quadratic structure

Gowers U norm

((ocal) (9lobal)

Key tnsight: We can use the combinatorial result as a black-box
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Proof outline

1) Given access to f: s — [—1,1], efficiently [earn an e-maximal

quadratic correlator g~ s.t.

E . er: [f(X)(—l)q*(x)] >  max
’ g:deg(q)=2

Er, |- 1))

— €

2) Use the combinatorial PGl tHheorem:
£ \fll 5 = 7, thew then there exists quadratic g and C > 0 s.f.

[Exe[Fg [f(x)(— 1)q(x)] > },C
The algorithm n (1) with € = ¥ solves the algorithmic PGl problem

3) Algorithmic PFR follows by the algorithmic PGI-PFR 2quivalence
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Learning €-maxtmal quadratic correlators

Proof by de-quantistng quantum stabiliser (earning

Definition An n-qubit state |w) 1s a stabiliser state (f there exist

independent, mutually commuting Pauli operators Py, ...,P, € {I,X,Y,Z}®"

such that P.ly) = |y) for every i € [n].

Observation [Eisner-Tao 12) A stabiliser state (s «quivalent to a

function f: Fh = C satisfymg ||fllgs = lIfll, = 1
Equivalently: f(x) o« 1y(x)(—1)7Wjc>

where V (s an affine subspace, q : Fy — [, 15 quadratic, and ¢ € {0,1}"
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Theorem [AD25, BVDH, MT 25). If f: F, — C satisfying
Iflls = 7Ifll, , then there ts a stabiliser state ¢ such that

E ey [P | 2 polypI1l

Stabiliser [earning 15 a quantum version of the algorithmic PGl problem

Theorem [Chen, Gong, Ye and Zhang 25). Given € > 0 and O(n) copies

of an n-qubit quantum state |y, there is an On>)-tHime Juantum

algorithm that outputs a stabiliser state | ™) s.t.

[{(@* |w)|* > max [{¢p|w)|*—e.
pEStab
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Sl'o(e—bg—_sio(e comParl'_Som

Algorithmic PGl. Query f: Fy — [—1,1] fo [earn g* : F; — [, s.t.

— €

[Exe[Fg [f(x)(— 1)61(x)]

Eer [f () (— 1)‘]*“)] > max
. g:deg(q)=2

Theorem [Chen, Gong, Ye and Zhang 25]. Given copies of |y), learn a
stabiliser state |¢*) s.t. |{d*|w)|* > max [{(¢|w)]|"—e.

¢EeStab

1) L? vs L™ normalisation
2) Quantum samples vs classical queries

3) Stabilisers vs quadratic phases

4) Quantum vs classical algorithm



Quantum algorithims

Quantum Polynomial Gowers lnverse Theorem

Let f:F3 = [—1,1] s.t. |Ifllys = 7. There exists an efficient algorithim
that finds a quadratic g s.t. E cp, [f)(= 17| > poly(y)

Efficient: O(n?) Hime, O(n) quantum Jueries to f

Quantum Polynomial Freiman-Ruzsa Theorem
Let ACF, s.t.|A+A| < K|A| for doubling-constant K > 1. There (s an

of frcient algorithim that (earns a PFR subspace V < ) of size | V| < |A].
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Dequantising via Symplectic Geometry

We then dequantise the quantum stabiliser learning algorithm
Connection befween quadratic Fourter analysis and symplectic geometry

5There appear to be some intriguing parallels with symplectic geometry here. Roughly speaking,
the vanishing (3.16) is an assertion that the graph {(h, Mh) : h € G} is a “Lagrangian manifold” on
the “phase space” G X G. This graph can also be interpreted (essentially) as the “wave front set”
{(z,Vo(x)) : © € G} of the original function e(¢). A similar interpretation persists in the proofs of
Theorem and below. Thus we see hints of some kind of “combinatorial symplectic geometry”

emerging, though we do not see how to develop these possible connections further.
e e e

Green and Tao, An tnverse Fheorem for the Gowers U norm (2008)

Symplectic tnner product of (a,b),(c,d) € [F%” is [(a,b),(c,d)] := ad — bc
Lagrangian L < [F%” 15 a maxtmal 1sofropic subspace [u,v| =0 Yu,veL

A stabiliser state ¢ s associated with a unique Lagrangian subspace L(¢)

Study [Exe[Fg fX)Px)| via the characteristic weight P(L())
controlled by the quadratic structure of £
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Looking ahead

Quantum computation and

A fow examples: 1) Stabiliser states &
2) Clifford hierarchy &
3) Algorithmic
4) Quantum local correction &

Upcoming survey with Jop Briét, Davi Castro-Silva, and Arkopal Dutt

There is a deep connection, Let s Find it!
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