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Preface

These are lecture notes for the course NMAL432 Permutation Groups, taught at the Faculty of
Mathematics and Physics, Charles University. The lecture notes are largely based on the german
lecture notes Permutationsgruppen by Alice C. Niemeyer from RWTH Aachen University. Other
sources are

e John D. Dixon, Brian Mortimer — Permutation Groups (1996),

e Peter Cameron — Permutation Groups (1999),

e Helmut Wielandt — Finite Permutation Groups (1964).
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Chapter 1

Three motivating examples

1.1 Finite groups of isometries

A n x n matrix A is orthogonal if ATA = I. Since det(AT A) = (det A)? the determinant of A
is either +1 or —1. If A and B are orthogonal, then an easy calculation shows that AB~! is
orthogonal as well. Therefore, n x n matrices form a subgroup of GL,, called the orthogonal
group O,. Those elements of O,, which have determinant equal to +1 form a subgroup of O,
called the special orthogonal group SO,,.

It is easy to see that the linear mapping corresponding to an orthogonal matrix preserves
distances in R™. Coversely, any linear mapping R® — R"™ that preserves lengths, preserves
also distances and right angles, and thus maps the standard basis to an orthonormal basis.
The matrix representing this mapping has the elements of this basis as its columns, so it is
orthogonal.

Two and three dimensions. If A € O, the columns of A are unit vectors and are orthogonal
to one another. Suppose that
a ¢
A= ( ‘ d) |

Then (a,b) lies on the unit circle, giving a = cos @, b = sin 6 for some 6 satisfying 0 < 6 < 2.
Since (¢, d) is orthogonal to (a,b) and also lies on the unit circle, we have ¢ = cos ¢, d = sin ¢,
where either ¢ =60 4 7/2 or ¢ =60 — /2. We obtain

cosf —sind cosf sinf
<sin9 cosf ) ’ (sinG C089> '
The first matrix is an element of SO9 and represents the anticlockwise rotation through 6. The
second has determinant —1 and represents the reflection in a line at angle 6/2 to the positive
ZT-axis.

Now suppose that A € SOs. The characteristic polynomial det(A — AI) is a cubic and
therefore must have at least one real root, i.e., A has a real eignevalue. Since the determinant
is the product of eigenvalues, it follows that +1 is an eigenvalue of A. If v is a corresponding
eigenvector, the line through the origin determined by v is left fixed by A. Also since A preserves

right angles, it must map the plane which is perpendicular to v, and which contains the origin,
to itself. We can construct an orthonormal basis for R? with the unit vector v/||v|| as the first
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element. The matrix with respect to this new basis corresponding to same mapping as A will
be an element of SO3 taking the form

1 0 O
0 b ha | B () 2 eson
0 bar b2

So A is a rotation with axis determined by v. Conversely every rotation of R? which fixes the
origin is represented by a matrix in SOj.
If A € Og, but A ¢ SO3, then AU € SOg3, where

10 0
U=]01 0
0 0 —1
The matrix U represents a reflection in (z,y)-plane. Clearly,
A= (AU)U
and since AU is a rotation, A is a reflection in the (x,y)-plane followed by a rotation.
Proposition 1.1. O3 = SO3 xXZs.

Proof. Let I denote the 3 x 3 identity matrix. Both I and —I commute with every other matrix
in Og, and together they form a subgroup of O3 of order 2 isomorphic to Zso. Define

¢: SO3x{I,—I} = O3, by (A,U)+—s AU,

where A € SOz and U € {I,—I}.
We have

(A, U)(B,V)) = p(AB,UV) = ABUV = AUBV = ¢(A,U)p(B,V),

for all A, B € SO3 and U,V € {I,—1I}, so ¢ is a homomorphism.
If p(A,U) = p(B,V), then AU = BV, giving det(AU) = det(BV). But

det(AU) = det(A) det(U) = det(U)

because A € SO3, and similarly det(BV) = det(V). Hence U = V, A = B, and we conclude
that ¢ is injective. It only remains to check that ¢ is surjective. Given A € Og, either
A € SOs3, in which case A = p(A,I), or A(—I) € SOz and A = ¢p(A(—1I),—I). Thus, ¢ is an
isomorphism. O

Remark 1.2. The same argument shows that O,, = SO,, xZy only when n is odd. The map ¢
is not an isomorphism for an even n since then we have Ker p = {(I,I),(—1,—1I)}. In fact, for
even n > 4 the statement is not true: for instance, the groups O,, and SO,, XxZy have centers
of different orders, two and four, respectively. And for n = 2, the group SO, is abelian, so
SOq X Zs has much larger center than Os.

Theorem 1.3. A finite subgroup of O is either cyclic or dihedral.
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Proof. Let G be a finite non-trivial subgroup of Os. First, suppose that G lies inside SO5 so that
each element of GG represents a rotation of the plane. Write Ay for the matrix which represents
the anticlockwise rotation through 6 about the origin, where 0 < 6 < 27, and choose A, € G
so that ¢ is positive and as small as possible.

Given Ay € G, divide 0 by ¢ to produce

0 =ko+
where k € Z and 0 < ¢ < . Then
Ag = Appry = (Ap)"A,  and Ay = (Ay) F A4,

Since Ag and A, both lie in G, we see that Ay is also in G. This gives 1) = 0, since otherwise
we contradict our choice of ¢. Therefore, G is generated by A, and is cyclic.

If G is not contained inside SOs, we set H = G N SO2. Then H is a subgroup of G which
has index 2, and by the first part H is cyclic because it is contained in SOo. Choose a generator
A for H and an element B from G'\ H. As B represents a reflection we have B> = 1. If A =1,
then G consists of I and B and is a cyclic group of order 2. Otherwise, the order of A is an
integer n > 2. The elements of G are now

I,A ...,A" ' B, AB, ..., A" 'B

and they satisfy A" = I, B> = I, BA = A~'B. The presentation
(A,B|A"=1,B*=1,BA=A"'B)

determines the dihedral group D,,. O

Theorem 1.4. A finite subgroup of SOg is isomorphic either to a cyclic group, a dihedral group,
or the rotational symmetry group of one of the Platonic solids.

Proof. Let G be a finite subgroup of SO3. Each element of G, other than the identity, represents
a rotation of R? about an axis which passes through the origin. We will work with rotations
rather than the corresponding matrices. The two points where the axis of a rotation g € G
meets the unit sphere are called the poles of g. These poles are the only points on the unit
sphere which are fixed by the given rotation.

Let X denote the set of all poles of all elements of G \ {e}. Suppose z € X and g € G. Let
x be a pole of the element h € G. Then

(ghg™)(g(x)) = g(h(2)) = g(=),

which shows that g(z) is a pole of ghg™! and hence g(z) € X. Therefore, we have an action of

G on X. The idea of the proof is to apply the orbit-counting lemma to this action and show
that X has to be a particularly nice configuration of points.

Let N denote the number of distinct orbits, choose a pole from each orbit, and call these
poles x1,x9,...,zy. Every element of G \ {e} fixes precisely two poles, while the identity fixes
them all, so the orbit-counting lemma gives

1 1
N = (2061 1) +1X]) = |G|< (161 - +ZxGr>
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This rearranges to

2

(1) =

el
YT
(- ,GJ

Assuming G is not the trivial group, the left-hand side of the above expression is greater
than or equal to 1 and less than 2. But each stabilizer G, has order at least 2 so that

—_

1
<1 —— <1,
2 |G

for 1 <4 < N. Therefore, N is either 2 or 3.
If N =2, the above equations give

2 = |z{| + |2 |

and there can only be two poles. These poles determine an axis L and every element of G \ {e}
must be a rotation about this axis. The plane which passes through the origin and which is
perpendicular to L is rotated on itself by G. Therefore, G is isomorphic to a subgroup of SOs

and has to be cyclic by Theorem
If N =3, writing x,y, z instead of x1, x2, x3, we have

1 1 1 1
2(1— =) =3- + )
< |G> (!Gx\ Gyl |G|

2 _ 11
Gl 1Gal Gyl 1G]

The sum of the three terms on the right-hand side is greater than 1, so there are only four
possibilities for (|G|, |Gy, |G:|):

and, therefore,

1+

(2,2,n), foranyn>2 (2,3,3), (2,3,4), (2,3,5).

From this it is possible to deduce the theorem. The theorem follows by carefully analyzing these
case, we omit this part here. O

Remark 1.5. The rotational symmetry group of the tetrahedron is isomorphic to A4. Cube and
octahedron have rotational symmetry group isomorphic to S4. Dodecahedron and icosahedron
have rotational symmetry group isomorphic to As.

Corollary 1.6. If G is a finite subgroup of Os, then G is isomorphic to a subgroup of one the
following groups: Zp X Zo, n > 1, Dy X Zo, n > 2, Ay X Zo, Sy X Lo, As X Zs.
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1.2 Automorphism groups of graphs

Recall that a (simple) graph is a tuple X = (V, E) such that E C (‘2/) An automorphism of
X is a bijection f: V — V such that {z,y} € E <= {f(x), f(y)} € E. The group of all
automorphisms of X is denoted by Aut(X).

Theorem 1.7 (Frucht’s theorem). For every finite group G, there is a graph X such that
G = Aut(X).

It is reasonable to consider what finite groups can be realized as automorphism groups of
some restricted class of graphs. For instance, we can consider the class T of finite groups that
can be realized as automorphism groups of trees.

Disconnected graphs. In order to characterize the groups belonging to 7, we will first derive
a useful formula. Suppose that we have a disconnected graph X. We would like to be able to
express its automorphism group in terms of its connected components. If X is a disjoint union of
two non-isomorphic connected components Y and Y, then clearly Aut(X) = Aut(Y) x Aut(Y”).
However, if X consists of, say, k > 2 copies of the same graph Y, then Aut(X) can no longer
be expressed as a direct product.

In order to deal with this situation, we use the wreath product. Suppose that G acts on
the set €). For each w € , take a copy H, of a group H. The wreath product H { G is the
semidirect product of

K = ][ Ha

we

by G, where the homomorphism G — Aut(K), required for the semidirect product, is defined
naturally by the action of G on the coordinates of K.
As an example, we can apply this to the situation described above. In particular, we get
the following
Aut(X) =2 Aut(Y) 1 Sg.

In general, we have the following formula.

Theorem 1.8. Let X1, ..., X, be pairwise non-isomorphic graphs and let X be the disconnected
graph consisting of k; € N copies of the graph X;, fori=1,...,n. Then

Aut(X) 2 ] Aut(X;) ¢Sk,
=1

Using Theorem one can easily determine the automorphism group, provided that the
automorphism groups of the connected components are known. We note that this can be further
generalized to 2-connected and 3-connected components.

Trees. We are ready to characterize automorphism groups of trees. First, we reduce this
problem to rooted trees, which are just trees with a distinguished vertex that has to be preserved
by every automorphism.

Let T be a tree. The center of a tree is a set of vertices v that minimize the quantity

max d(v,u),
ueV(T)
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where d(v,u) is the length of the shortest path from v to w in T'. Clearly, such vertices lie on
every path of maximum length in 7', and the center consists of either one or two vertices, based
on the parity of this length. Moreover, the center is preserved by every automorphism. If the
center consists of one vertex, we can make it a root. If it is of size two, we subdivide the edge
between the two vertices by a new vertex, which will be the new root. Thus, we obtain a new
rooted tree T, with a root r such that Aut(7;) = Aut(7"). On the other hand, if we start with
a rooted tree T,., we can attach a very long path to r that will force the center to be on this
path. This gives an unrooted tree T with Aut(7T") = Aut(7;.).

Theorem 1.9 (Jordan, 1869). The class T of automorphism groups of trees can be inductively
described as follows:

(1) {1} € T.

(2) IfGGHeT,then GxHeT.

(3) If G €T, then GS,, € T, forn > 2.

Proof. By the argument above, it is sufficient consider only rooted trees. First we need to argue
that all the operations (1)—(3) can be realized by some tree, which we do by induction.

Clearly the trivial group is the automorphism group of a tree with one vertex If G, H € T,
then by induction hypothesis there are trees Tz and Ty that realize G and H, respectively. If
G and H are not isomorphic then we can construct a tree 7" with Aut(7') = G x H by attaching
the roots of Ty and Ty to a common new root. If G = H, this construction creates new
automorphisms. We fix this by subdividing one of the newly created edges. Finally, if G € T
and T realizes G, then we can construct 7' with Aut(7") = G S,, by attaching the roots of n
copies of T to a common new root. We proved that every group in the class 7 is in fact an
automorphism group of some tree.

It remains to show that for a rooted tree T, its automorphism group is isomorphic to a
group in 7. We again proceed by induction. If T has one vertex, then the statement clearly
holds. If T" has more vertices, then we remove the root and get a forest of rooted trees. The
automorphism group is determined by the formula in Theorem It is clear that the only
operations that appear in the formula are the direct product and the wreath product with
symmetric groups. O

1.3 Isomorphism test for graphs with bounded color classes
In this section, we consider vertex-colored graphs (X, C). The color class size of (X, C) is
max { |C~ ()] |cerg(C)}.

We say that a class C of colored graphs has bounded color class size if there is a k € N such
that all (X, C) € C have color class size at most k.

Theorem 1.10 (Babai; Furst, Hopcroft, Luks). For every class C of colored graphs of bounded
color class size, there is a polynomial time isomorphism test.

Proof. Suppose that the color class size of all graphs in C is at most k. We shall devise a
polynomial time algorithm that computes the automorphism group of a given graph (X, C) € C.
Observing that the polynomial time reduction from GI to AUT also yields a polynomial time
reduction from GI(C) to AUT(C), we obtain the desired polynomial time algorithm for GI(C).
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Let (X,C) € C. Suppose that rg(C) = {ci,...,c¢}. For all i € [{], let V; := C~!(¢;). Then
|Vi| < k for all i € [¢] and the V; form a partition of V(X). Without loss of generality we assume
that ¢ > 2, because otherwise |V (X)| < k and we can compute Aut(X) by brute-force.

Every automorphism of (X, C) maps V; to V; for all i. Thus we may view Aut(X,C) as a
subgroup of

l
Go := H Sym(V;).

i=1
The elements of Gy are tuples g = (g1,...,9¢), where g; € Sym(V;), and the action of Gy on
V(X) is defined by

09 = i

for the unique i € [¢] such that v € V;.
Let m := (5) We choose an arbitrary enumeration p1, ..., py, of ([g]). We inductively define
groups G1,...,Gy, such that

Go>G1 >G> > Gpy.
We have defined G above, and for i € [m] with p; = rs, we let G; be the set of all
9= (glv" . 795) € Gi—l

such that (gr,gs) € Aut(X[V, U V;]), where we regard (g,,9s) € Sym(V,) x Sym(V;) as an
element of Sym(V, U V;), as usually acting via

vl9r9s) = 9 if v €V, and v99) = 495 if v € V.

Observe that
G = Aut(X).

Claim 1. For all i € [m],
‘Gi—l : Gl’ < (k')Q

Proof. Let i € [m] and suppose that p; = rs. Let T be a transversal of G; in G;_;. Let
t=(t1,...,te), t'=({),....t)) €T

be distinct.
Suppose for contradiction that ¢, = t,. and t; = ... Then

t) L=t ()7 te(t) T € Gy

because
(tr (1) 7 ts(t) ™) = (e,¢) € Aut(X[V; U VG)).

Hence G;t = G;t’, which contradicts T being a transversal.
It follows that
|T| < |Sym(V;) x Sym(Vy)| < (k!)*.
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Let ®( be the set of all transpositions (v, w) with v, w € V; for some i. Formally, we identify
(v, w) with the element (g1,...,9¢) € Go such that g; = (v,w) € Sym(V;) and g; = ¢ for all
j #i. Then @ is a generating set of Gy, which we can easily compute from (X, C') in polynomial
time.

Note that we can check in polynomial time if a ¢ € G;_1 is in ;. Thus we can implement
a membership oracle for G; within G;_1 in polynomial time. It can be shown that using this,
we can compute generating sets for all G;, and in particular for G, = Aut(X,C), in time
polynomial in n and k!. As k is constant, this proves the theorem. O



Chapter 2

Basic notions

We deal only with finite groups. Throughout the following, all groups are finite, and the sets
on which they act are finite as well.

2.1 Actions of groups on sets
Definition 2.1. Let G be a group and € a set. A function
w: QxG—Q, (o, 9) — w(a, g)
is called an action of G on € if the following conditions hold:
1. w(a,1lg) = a for all a € Q.
2. w(a,gh) = w(w(a,g),h) for all a € Q and g,h € G.

The set 2 is called a G-set, and we say that G acts on Q. Furthermore, || is called the degree
of the action of G on 2.

Remark 2.2. In general, we use the notation preferred by Wielandt, that is, we write a9 for
w(a, g). Then the two conditions above can be reformulated as

1. a'¢ = for all a € Q.
2. a9 = (a9) for all a € Q and g,h € G.

Definition 2.3. Let G be a group acting on a set Q. If a9 = a for some o € Q2 and g € G,
then we say that g fizes the element «. The set

Gay={9€G|a’=aforall acQ}
is called the kernel of the action of G on Q. If G(q) = {1g}, then the action is called faithful.
Definition 2.4. Let G be a group and () a set. A homomorphism
¢: G — Sym(Q)
is called a permutation representation of G on ).

Theorem 2.5. Let G be a group and ) a set.
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1. Given an action w: Q x G — Q of G on (Q, there exists a permutation representation
of G on ) defined by

©(9) = g, where @4 € Sym(Q) and ¢4(a) = w(a, g).

2. Conversely, a permutation representation ¢ of G on § defines an action w: & X G —
of G on ) by
w(a,g) = a?9).

Thus, it is not necessary to distinguish between actions of a group G on a set {2 and
permutation representations of G on Q. If G acts faithfully on Q, then G is isomorphic to ¢(G).

Example 2.6.
(1) The symmetric group Sym(£2) acts on §2 via the natural action a9, where a9 = g(«), the
image of o € ) under g.
(2) A group acts on itself by right multiplication. Let G be a group and let 2 = G. Define

p:xG—=Q, (a9 pla,g)=ay.
Then p is an action, since p(a, 1) = alg = a for all a € Q = G, and

pla, gh) = agh = p(p(a,g),h)

foralla € Q=G and g,h € G.
The kernel G(q) of this action is

Gaoy={9€Glag=aVaecQ}={ge€G|hg=hVheG}={lg}
This action is called the right reqular action of G on €.
(3) A group acts on itself by left multiplication. Let G be a group and let @ = G. Define

w: QA xG—Q, (a,9) — w(a,g) = g 'a.

Then w is an action, since w(a,lg) = 151a =g for all a € Q = G, and
w(a, gh) = (gh)"'a=h"'g"'a = w(w(a, g), h)

foralla e Q=G and g,h € G.
The kernel G(q) of this action is G(q) = {1¢}-
This action is called the left reqular action of G on ().
(4) Let 2 be a finite set with |[2] = n and let k¥ < n. Denote by (g) the set of all k-subsets

of Q. If G acts faithfully on €2, then G also acts on (2), where for A € (%) the action of
g € G on A is defined by
AY={a? | a € A}.

The kernel G(q) of this action is
Gaoy={9€CG|a’=aVaecQ}
Q
={geG|AY=AVAE (})}
={lc}.
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(5) Let G be a group and 2 = G. Then G acts on by
hd = g 'hg.

This action is called the action of G on itself by conjugation.
The kernel of this action is

Gy ={9€G|h =hVheQ}
={9€ G| hg=ghVheG}
= Z(G).
(6) Let G be a group and €2 the set of all subgroups of G. Then G acts on 2 by
HY ={h? | h e H}.

This action is called the action of G on its subgroups by conjugation.
(7) Let G be a group and H a subgroup of G. Then G acts on the set  of right cosets Rg.p
of H in G by right multiplication via

(Hz)? = Hxg.

This action is called the action of G on the right cosets of H.
The kernel of this action is
Gy =1{9€G|(Hz)! = Hr VHz € Q}
={9€ G| Hxg= Hx VHzx € Q}
={geG|lger'Hx VHz € Q}

= ﬂ r 'Hzx.

zeG

In general, this action is not faithful. The group G(q) is called the G-core of H. It is the
largest normal subgroup of G' contained in H.
(8) Let G be a subgroup of GL(n,F), the group of invertible n x n matrices over a field F.
Let V =F". Then G acts on V by
vy = vg.

The kernel of this action is
Gaoy={9e€Glvg=vVveV}={I}.

(9) Let G be a subgroup of GL(n,F) and let PG(V') be the set of all 1-dimensional subspaces
of V. Then G acts on PG(V) by

(0)? = (vg).

The kernel of this action is

Ga) = {9 € G [ (vg) = (v) Y(v) e PG(V)}
= {al | a € F}.

The group G/ G(q) is called the projective general linear group.
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2.2 Similar actions

If a group G acts on a set €2, then for g € G we denote by go: 2 — 2, a — af, the map induced
by g.

Definition 2.7 (Equivariance). Let the group G act on the sets Q and I'. A map A: Q@ — I' is
called G-compatible (or equivariant) if

AMa?) = AM«a)d forala € Q, g€ G.

|}

' ———7T

This means that the diagram

Q
—

g
g
is commutative for all g € G. If, in addition, \ is bijective, then the actions (or the G-sets) are
called G-similar, and X is then called a G-similarity.

Let G be a group acting on €2 and let H be a group acting on I'. Then G and H are called
permutation isomorphic if there exists a bijection A: 2 — I' and an isomorphism ¢: G — H

such that
AMad) = Ma)?9) forala € Q, g€ G.

Definition 2.8. Let G be a group acting on €. The action is called transitive if for every pair
(a, B) € Q x Q there exists g € G such that a9 = f.

Theorem 2.9 (Fundamental theorem for transitive G-sets). Let G be a group.
(1) Let H < G. Then G acts transitively on the set Rg.p of right cosets by right multiplication:

RG:HXG%RG:Ha (Ha,g)HHag

(2) Let G act transitively on the set ), let & € Q and let G, := Stabg(«). Then Q and Rea.q,
are G-sitmilar as G-sets:
)\:Q—>'RG:GQ, Oégl—>Gag

is a G-similarity.
(8) Every transitive G-set Q0 determines a conjugacy class Uq of subgroups of G, namely

Uq = {Ga|OéEQ},

and the map
Q — Uq, a— Gy,

is G-equivariant. Moreover, () is G-similar to a transitive G-set I' if and only if Ug = Ur.
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Orbits and constituents

3.1 Invariant sets
For a subset A C Q and g € G we define
A9 ={69 |0 € A}.

Definition 3.1. Let G be a group acting on a set 2 via («, g) — a9. A subset A C Q is called
G-invariant if A9 = A for all g € G.

Let G be a group acting on a set {2 and let A be a G-invariant subset of 2. Then we can
restrict the action of G on Q to an action of G on A. For g € G let g™ denote the permutation
induced by g on A. Then

p: G— GA, g— gA

is a homomorphism. We denote by G® the image of ¢, that is, the group induced by G on A.
Thus G& = G /G (), where G () is the kernel of ¢, i.e. the kernel of the action of G on A.

We call G® the A-constituent of G. The transitive constituents of G are precisely the
constituents of G on the orbits of G on 2.

Definition 3.2. Let G be a group acting on a set  via (a,g) — a9 and let A C Q. The
setwise stabilizer of A in G is

Ga={g€ G| A=A}
The pointwise stabilizer of A in G is
{g€G|87=0Y5eAt={geG|g™=1}=Ga).
Note that for A = {a} we have Ga) = Ga.

Let again A be a G-invariant subset of €. It is clear that Ga and G(a) are subgroups of G.
Moreover, G(a) < Ga and Ga) 9 G, since G(a) is the kernel of a homomorphism.

Lemma 3.3. Let p be a prime, G < Sym(Q) and o € Q. If p™ | |aC|, then for every p-Sylow
subgroup P of G we have p™ | ||

Proof. We have
|G : Py|=|G:P||P: P, =|G:P|la"|

13
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On the other hand,
|G Po| = |G : Ga||Ga : Pa| = 1a%] |Gy : Pal.

Since p™ | |a“|, it follows that p™ | |G : P||a”|. But P is a p-Sylow subgroup, hence p { |G : P,
and therefore p™ | |af|. O

Lemma 3.4. Let p be a prime, G < Sym(Q) and o € Q. Let m be the largest natural number
such that p™ | |aC|. Let A = BT be an orbit of a p-Sylow subgroup P of G on o of minimal
length. Then |A| = p™.

Proof. Assume A = B for some § € . Since P is a p-Sylow subgroup, the length of every
P-orbit is a power of p. By Lemma |3.3| we have p™ | |A|. Suppose p™*! | |A|. The orbits of P
on a% form a partition of a®. As every orbit length is a power of p and A is an orbit of minimal
length, it follows that p™*! divides |a|, contradicting the choice of m. Hence |A| =p™. O

Corollary 3.5. Let p be a prime, G < Sym(Q2) and o € Q. Let m be the largest natural number
such that p™ | |a@|. Let A = BT be an orbit of a p-Sylow subgroup P of G on o of minimal
length. Then |Gg : Pg| is not divisible by p.

Proof. Analogously to the proof of Lemma [3.3] we obtain

891G : Ps| = |G : P|[8"].
Since p{ |G : P| and |87| = p™, it follows that p™ is the highest power of p dividing |3%| |G :
Pg|. But p™ already divides |3%|, and hence p{ |Gj : Ps|. O

Definition 3.6. Let G be a group and let U, V' be subgroups of G. Then U and V are called
G-conjugate if there exists g € G such that U9 = ¢g~'Ug = V. The normalizer of U in G is
Na(U) ={g € G| gU =Ug}.
For G < Sym(f2) define
Fixg(G) ={a € Q|a? =a Vg e G}.

Theorem 3.7. Let G < Sym(Q2) be transitive and let o € Q. Let U < G,. Assume that U
is conjugate in G4 to every subgroup V- < G, which is conjugate to U in G. Then Ng(U) is
transitive on Fixq(U).

Proof. Put ® = Fixq(U) and N = Ng(U). Let n € N and ¢ € ®. For v € U we have

(wn)u — ,l/)nu — wnun_ln — wu’n — wn'
Thus every u € U fixes 9™, hence 1" € Fixq(U). Therefore &V = ®.
It remains to show that Ng(U) acts transitively on Fixq(U). Let € Fixq(U). Since G is
transitive on 2, there exists ¢ € G with a = 9. Put V = UY. For each v € V there exists

uw € U with v = v9. Then

g —1
o’ =a" =9 W =p"=p9=q,

since f € Fixq(U). Thus a¥ = a for all v € V, so V < (. Hence U and V are conjugate
subgroups of G which both lie in G,. By assumption, there exists h € G, with V* = U. Thus
U9 = U, so gh € Ng(U). Moreover,

h h
gt = ol = a,

since h € G,. O
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Corollary 3.8. Let G < Sym(2) be transitive and let « € Q. Then Ng(G,) is transitive on
Fixq(Gq).

Corollary 3.9. Let G < Sym(Q) be transitive and let oo € Q. Let P be a p-Sylow subgroup of
Go. Then Ng(P) is transitive on Fixq(P).

3.2 Primitivity

Definition 3.10. Let G be a group acting on a set Q via (a, g) — a9. A non-empty subset
A C Qis called a block (of G) if for all g € G we have

AINA=A or AINA=02.

Obviously, 2 and the sets {a} for a € Q are always blocks of G. These blocks are called
trivial blocks. A block with at least two elements is called minimal if it contains no proper
non-trivial block.

Lemma 3.11. Let G be a group acting transitively on a set 2 via (o, g) — a9. Let I' and A be
two blocks of G with non-trivial intersection. Then I' N A is also a block of G.

Proof. Let g € G. Since I" and A are blocks, we have either T'Y =T or TYNT" = &, and likewise
either AY =Aor A9NA=02.

Suppose first that (I'NA)Y N (I'NA) # &. Since I and A are blocks, this implies 'Y =T°
and A9 = A. Hence ('NA)Y =T9NA9 =TNA. Otherwise, 'NA)Y N (I'NA) = @. Thus
I'N A is a block. O

Definition 3.12. Let G be a group acting transitively on a set 2 via (a, g) — a¥. Then G is
called imprimitive if G possesses a non-trivial block. Otherwise, G is called primitive.

A partition ¥ of Q is called G-invariant if for every A € ¥ and every g € G we have A9 € X..

Lemma 3.13. Let G be a group acting transitively on a set Q via (a,g) — a9. A subset A is
a block of G if and only if
= {a7] g€ G}

18 a G-invariant partition of §2.

Proof. (=) For AY € ¥ and h € G we have (A9)" = A9" € ©. Also, the members of ¥ cover
Q because G is transitive: if « € A and w € Q, then w = a9 for some g € G, so w € AY.
Finally, if A9 N A" # @, then applying h~! gives

AT AA £ .

Since A is a block, it follows that AT = A, hence A9 = A", Therefore distinct members of
> are disjoint, so X is a partition.

( <) Assume that X = {AY | g € G} is a G-invariant partition of 2. For any g € G, both
A and AY lie in the partition X, so either they are equal or disjoint. Hence

AINA=A or AINA=g,

and therefore A is a block. O
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Lemma 3.14. Let G be a group acting transitively on a set Q via (o, g) — o9. Let A be a block
of G. Then Ga acts transitively on A. In particular,

A = 3% for every B € A.

Proof. Let 8,7 € A with 8 # ~. Since G acts transitively on {2, there exists g € G with 59 = ~.
In particular, v € ANAY. As A is a block, it follows that A = A9 and hence g € Ga. Therefore
G acts transitively on A. O

Lemma 3.15. Let G be a group acting on a set  via (a, g) — a9, and let € Q. Let H < G
with G, < H. Then for A = o we have

Ga =H.

Proof. Since A = afl| clearly H < Ga.
Let g € Ga, i.e. A9 = A. Then for each 8 € A there exist h, k € H such that 8 = o” and

B=ak,
Hence kg~! € G, < H, and therefore g € H. Thus Ga < H. O

The following theorem describes a relationship between the subgroups of G' that contain a
point stabilizer and the blocks of G containing this point (see [2, Theorem 1.5A]).

Theorem 3.16. Let G be a group acting transitively on a set Q via (o, g) — o9 and let o € .
Let B be the set of all blocks of G containing o and let S be the set of all subgroups of G
containing Go. Then U : B — S defined by W(A) = Ga is a bijection. The map ® = U1 s
given by ®(H) = o'. Moreover, W is compatible with the inclusion ordering.

Proof. First we show that for a block A containing o we have ¥(A) € S. By definition
U(A) = Ga. Since a € A, for g € G, we have

add=ac ANAY.

As A is a block, it follows that A9 = A for all g € G,. Hence G, < Ga, so Ga € S.

Now we show that for a subgroup H with G, < H the set ®(H) is a block of G containing
. Since ®(H) = o' it is obvious that ®(H) contains a. Let A = ®(H). Assume AINA # @
for some g € G. Then there exists 8 € Q with 8 € AN A. In particular, § = o” and g = o9
for suitable h,k € H. Thus kgh™! € G, < H, hence g € H. But then A9 = A for all g € H,
since A is an H-orbit. Thus A is a block.

It remains to show that Vo ® =1 and ® o U = 1. By Lemma [3.15

U(®(H)) = V(o) =G, n = H.
By Lemma
D(TU(A)) = B(Ga) = as = A.

Finally we show that ¥ is compatible with the inclusion ordering. Suppose GA < Gp. Then
in particular
A =afs Cfr =T.

Conversely, suppose A C I'. For g € GA we have A CI'NI'Y. Since I is a block, it follows
that I' = I'Y and hence g € Gr. Therefore GAo < Gr. O]
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This immediately yields the following important consequence.

Theorem 3.17. Let G be a group acting transitively on a set Q with |2 > 2. Then the following
statements are equivalent:

(1) G is primitive on Q.

(2) For every a € §, the stabilizer G, is a mazimal subgroup of G.

(8) For some « € Q, the stabilizer G, is a mazimal subgroup of G.

An important example of permutation—isomorphic groups is the following.

Theorem 3.18. Let G be a group acting transitively on the set Q, and let N < G. Then the
following hold:
(1) The orbits of N form a block system for G.
(2) The actions of N2 on A and NT onT for two N-orbits A,T' are permutation—isomorphic.
(3) If there exists v € Q with v* =~ for all h € N, then N < G-
(4) N has at most [G : N] orbits on Q. If [G : N] is finite, then the number of N-orbits
divides [G : NJ.
(5) If G acts primitively on Q, then N is either transitive or N < G(q).
Proof. (1) Let A = a¥ for a € Q. Then
A9 = (M) = (a9)V.
Thus AY is the orbit of o under N. Hence the N-orbits partition 2. Since G acts
transitively on 2, the set {AY | g € G} forms a block system for G.
(2) Let A =a” and I' = 8. Since A and T are blocks and G is transitive, there exists g € G
with AY =T'. Define A : A — I" by
A(0) = d9.
This is a bijection.
Define
p:N® = NT, o(h®) = (g7 hg)".
Then ¢ is injective, since @(h®) = p(k2) iff

(97 hg)" = (97 kg)",
which holds exactly when g~ 1hk~1g € Nry. AsT' = A9, this is equivalent to hk—1 e Nay,
that is, h® = k2.
The map ¢ is also surjective because ¢ ' Ng = N. Finally, ¢ is a homomorphism since
for h,k € N

p(h™E2) = o((hk)™) = (97" hkg)" = (97 hg)" (97 kg)" = o (K™ (k™).
Moreover, for 6 € A and k € N we have
A(8*) = 689 = (69)77H9 = (A(6)7.

Thus the actions are permutation—isomorphic.

(3) Suppose there exists v € 2 such that ¥* =« for all h € N. Then vV = {y}. Since the
N-orbits form a block system, all N-orbits have size 1, so N < G(q.

(4) It is clear that there can be at most [G : N| orbits. If [G : N] is finite, then all N-orbits
have the same size, so the number of N-orbits divides [G : N].

(5) If G acts primitively, then either there is only one N-orbit, so N is transitive, or all
N-orbits have size 1, and hence N < G(q).

O
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3.3 Orbitals

The material and proofs in this section are largely taken from the book by Dixon and Mortimer.

Definition 3.19. Let G be a group acting transitively on a set {2. The orbits of G on 2 x Q2 are
called the orbitals of G on 2. We denote by O(G) the set of orbitals of G. A union of orbitals
is called a generalized orbital. The orbital

Ay ={(a,a) | a €}
is called the diagonal orbital. For an orbital A define

A" =A{(B, ) | (o, B) € A}.
An orbital is called self-dual if A* = A. For an orbital A and a € § let
Ala) ={B €] (a,p) € A}.
For example, the diagonal orbital is self-dual.

Lemma 3.20. Let G be a group acting transitively on a set Q) and let o € 2. The orbitals of
G are in bijection with the orbits of G, on Q via the map

©: O(G) = Q/Gq, A= Aa).

Proof. Let A € O(G). We first show that A(«) is a G,-orbit. Let (8,7) € A. Since G acts
transitively on 2, there exists ¢ € G with 89 = a. Hence (a,79) € A and so 79 € A(«); in
particular A(«) # @.

Next we show that A(a) is invariant under G,. If v € A(«a), then (a,7) € A, and for
g € G,, we have (a,79) € A9 = A. Thus 79 € A(«a), so A(a) is a union of G,-orbits.

It remains to show that A(«) is a single Gy-orbit. Let 71,72 € A(a). Then (o, 71), (o, 72) €
A. Since A is a G-orbit, there exists g € G with («,71)? = (a,y2). Hence o9 = a, so g € G,
and 7/ = 2. Thus A(a) is a Gy-orbit.

To see that ¢ is injective, suppose p(A) = ¢(¥). Then A(a) = ¥(a). Since both are
Go-orbits, A(a) = % = ¥(a) for some B € A(a). Hence (o, 3) € ANV, But A and ¥ are
both G-orbits in Q x Q, so A = ¥ = (a, §)°.

Finally, ¢ is surjective. Let $% be a Gq-orbit. Then A = («, 3)¢ is an orbital of G with
Ala) = G, O

Remark 3.21. Note that A(a) does not depend on the choice of a. Since G acts transitively on
Q, for every 8 € € there exists g € G with a9 = 3. Hence

G = Goo = (Ga)’.

Thus G and G, have the same number of orbits on 2. Let (a, 3) € A. Then (a4, 39) € A and
hence X
Ala?) = (B7)%0? = (B9)7 09 = B9 = (89)7 = A(e)’,

Definition 3.22. An orbit of G, on € is called a suborbit of G on €.
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Lemma 3.23. Let G be a group acting transitively on a set (), and let o € Q). The map
V: O(G) = G \G/Go, A GohGo  for (o, a) € A
from the set of orbitals of G to the set of double cosets of G, in G is a bijection.

Proof. Since the definition of ¢ depends on the choice of h € G, we first show that v is well
defined. Let h, k € G with (o, a”), (o, @*) € A. Then there exists g € G with

(@, a9 = (a,a).
In particular g € G, and o = oF. Thus hgk~! € G, and therefore
GokGo = (Gohgk ™ k(g7'Go) = GohGly.

Next we show that 1 is injective. Let A and ¥ be orbitals with (A) = ¥(¥). Then
G hGy = GokG,, for suitable h, k € G, which holds exactly when k = g1hgs for some g1, g9 €
G.. Hence
(o, &%) = (a, a9192) = (o, a192) = (o, ™).

Thus (o, a”) € A and (@, o) € ¥ lie in the same G-orbit, so A = .
Finally we show that ¢ is surjective. Let Go,gG, be a double coset. Then («, ) lies in
some orbital A, and by definition ¥(A) = G9Ga. O

In particular, the number of orbitals of G on 2 is equal to the number of orbits that G, has
on (2, and also equal to the number of double cosets of G, in G.

Definition 3.24. The number of orbitals of G on (2 is called the rank of the group G.
For completeness, we recall a few definitions from graph theory.

Definition 3.25. A directed graph (di-graph) is a pair I' = (2, K'), where 2 is the set of vertices
and K C Q x € is the set of edges. The elements of K are called edges or arcs.

An undirected graph is a pair I' = (Q, K) where K C (522) The elements of K are called
edges, and an ordered pair (o, 5) with a, f €  is called an arc if {a, 8} € K.

Note that for a digraph the notions of arcs and edges coincide, but edges and arcs may differ
for an undirected graph. In particular, an undirected graph cannot have loops.

Definition 3.26. An automorphism of a (di-)graph I' = (2, K) is an element g € Sym(€2) such
that
e e K if and only if e € K.

The set of all automorphisms of I forms a subgroup of Sym(€2), called the automorphism group
of T
A subgroup G < Aut(I") is called

o G-edge-transitive if G acts transitively on K,
o G-vertex-transitive if G acts transitively on €2,

e G-arc-transitive if G acts transitively on the arcs.
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For an orbital A we define the directed graph diGraph(A) to be the graph with vertex set
Q and edge set A. We call diGraph(A) the directed orbital graph of A and uGraph(A) the
undirected orbital graph of A.

Definition 3.27. Let T' = (Q, K) be a graph. A sequence (o, s, ...,a;) € QF is called an
undirected path from v to 8 in I' if oy # a4 for 1 <i <k —1, a1 = o, a = 3, and either

{ai, 541} € K

if I' is undirected, or
(Oéi, OéH_l) e K or (OéH_l, Oéi) eK

if ' is directed, for 1 <i < k.
The path is called a directed path if

(ai,aiﬂ) c K for 1 <i<k.

The graph I' is called connected if for all a, 5 € Q with a # § there exists an undirected
path from « to S in T.

A directed graph I' is called strongly connected if for all o, 8 € Q with o # 3 there exists a
directed path from « to 8 in I'.

Remark 3.28.
(1) A G-vertex-transitive graph I' with G < Aut(I') need not be connected. Consider the
graph I' whose two connected components are both K3. Then

Aut(T) =2 Cy x S,

since each connected component admits an S3 and the two components may be inter-
changed. Nevertheless, G' acts vertex-transitively.
(2) We can define an equivalence relation on the vertex set €2 of a graph I' = (2, K') by

a ~ (B if and only if there exists an undirected path from « to g in I'.

The connected components of I' are exactly the equivalence classes of ~.

The following theorem shows that a transitive group G is also a subgroup of the automor-
phism group of an orbital graph.

Theorem 3.29. Let G act transitively on Q0 and let A be an orbital. Then the following hold:
(1) G is a subgroup of the automorphism group of diGraph(A).
(2) G acts transitively on the vertezx set of diGraph(A) and on the edges of diGraph(A).
If A is self-dual, then the following also hold:
(1) G is a subgroup of the automorphism group of uGraph(A).
(2) G acts transitively on the vertex set of uGraph(A) and on the arcs of uGraph(A).

Proof. Since A is an orbit in Q x €, it is in particular G-invariant. Hence the statements
about the automorphism groups of uGraph(A) and diGraph(A) and the transitivity follow
immediately. O

Theorem 3.30. Let G act transitively on Q2 and let A be a non-diagonal orbital with («, f) € A.
Then the connected component of the directed graph on A containing « is the smallest block
B(a, 8) containing « and f3.
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Proof. Let B be the connected component of the directed orbital graph of A that contains «.
Then B is an equivalence class of the relation = defined by

a = if and only if there exists an undirected path from « to § in A.

Since the elements of G are automorphisms of diGraph(A), they map undirected paths to
undirected paths, and therefore = is G-invariant. By Lemma 2.13, B is a block of G on €2, and
since B contains « and S, it follows that

B D B(a, ).
Now let v € B\ {a}. Then there exists an undirected path
A=, ..., 00 =7
from a to 7y in diGraph(A) for some ¢ > 1. We claim that for ¢ =0,...,¢t — 1 we have
B(a;, ai11) = B(a, B).

For ¢ = 0 we have that either (o, ;1) or (ag,) is an arc of diGraph(A). Since G acts
transitively on the edges of diGraph(A), there exists g € G with

{9,589} ={a, a1 }.

Hence

B(a,a1) = B(a, B)7.
As B(a, 1) N B(a, B) contains «, we obtain
B(a,a1) = B(a, ).
Assume now for some 7 > 1 that
B(aj—1,0;) = B(a, B).
By the same argument as above there exists g € G with
{af_1,0f} ={o, i}

Thus
B(Oéi, Oéi+1) = B(Oéifl, Oél')g.

Since B(awi, ;1) N B(o—1,a;) contains «;, we obtain
B(a;, ai1) = B(a, B).

By induction it follows that
B(Oé,ﬁ) = B(atfla’}/)’
and therefore v € B(«, ). Hence B = B(a, f). O

This immediately yields the following theorem of D. G. Higman.
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Theorem 3.31. Let G act transitively on Q. Then G is primitive on € if and only if diGraph(A)
is connected for every orbital A which is not the diagonal orbital.

Definition 3.32. A group G acting transitively on € is called strongly primitive if the orbital
graph diGraph(A) is strongly connected for every orbital A that is not diagonal.

A cycle in a graph is a path whose initial and terminal vertices coincide. The following
lemma is [2, Lemma 3.2A].

Lemma 3.33. Let G be a group acting primitively on Q. Then:
(1) diGraph(A) is strongly connected for an orbital A that is not diagonal if and only if
diGraph(A) contains at least one non-trivial directed cycle.
(2) If for every pair a, B with o # [ there exists g € G that has a finite cycle containing o
and 8, then G is strongly primitive.
(8) Every finite group is strongly primitive.

Proof. (1) diGraph(A) is strongly connected if and only if every two vertices a, 8 with a # 3
lie on a directed cycle.
Conversely, suppose diGraph(A) contains at least one directed cycle. Define a relation =
on §2 by declaring o = 3 if and only if &« = § or o and S lie on a non-trivial directed cycle
in diGraph(A). Then = is an equivalence relation:

e reflexive, since a = «,

e transitive, since if « = # and 8 = +, then there are directed cycles containing «, 3
and (3,7, which can be combined to obtain a directed cycle containing «, 7,

e symmetric, since a directed cycle containing «, 8 also contains 3, «,
e G-invariant, since A is a G-orbit on 2 x 2.

Thus = defines a block system. Since G is primitive and there exists a non-trivial cycle,
the relation = must be universal, so every two vertices are equivalent. Hence diGraph(A)
is strongly connected.

(2) Let A be an orbital with («, 5) € A and a # 8. By assumption there exists g € G having
a finite cycle containing o and 8. Choose a power of g such that adt = B, and set h = g".
Then

a,ah,ahQ,...,ahm =«
forms a directed cycle in diGraph(A) containing o and 5. Hence diGraph(A) is strongly
connected by (1).
(3) This follows from (2), since G is transitive and hence we can choose g € G with o9 = g.
O

Remark 3.34. Statement (3) does not necessarily hold for infinite groups. For example, consider

the group
G = Aut(Q, <)

of all permutations of Q that preserve the order <. Then G has two non-diagonal orbitals,
namely

A={(a,p)|a< B} and A"
It is clear that diGraph(A) and diGraph(A*) are connected, but not strongly connected.
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Theorem 3.35. Let G be finite and act transitively on Q. Then there exists a non-trivial
self-dual G-orbital if and only if |G| is even.

Proof. Suppose A is a non-trivial self-dual orbital and let (o, ) € A. Since A is self-dual, there
exists g € G with
(@, %) = (B, ).
Hence o = 8 and 39 = . Thus g swaps « and 8 and therefore has even order. Hence |G| is
even.
Conversely, suppose |G| is even. Then G contains an element g of order 2. Thus g swaps two
points «, 8 € Q with a # . The orbital of (a, ) is therefore non-diagonal and self-dual. O

We can now use the previous results to derive some results about the lengths of orbits of
stabilizers.

Definition 3.36. Let G act transitively on €2 and suppose that G has k distinct orbitals. The
color graph G of G is the directed graph with vertex set ) and edge set 2 x Q. An edge
(ar, B) € 2 x Q is colored with color i if (a, 8) lies in the i-th orbital.

Then G acts on its color graph and preserves the coloring of the edges.
Definition 3.37. For subsets 3, A C ) x Q we define
YoA:={(a,p) ]| (a,y) € Z, (7,8) € A for some v € Q}.

That is, ¥ o A is the set of all edges in 2 x € for which there exists a path of length 2 from
« to B whose one edge lies in ¥ and the other in A.

Lemma 3.38. Let X, A C Q x Q be two G-invariant sets. Then ¥ o A is also G-invariant.

Define
E(a) ={B€Q|(a,p) € T}
Then Y () is the set of all neighbours of « in the directed graph of X.
For an orbital A that is not the diagonal orbital, let I' = A U A*. Define T'©) = A, the

diagonal orbital, and
r*) =T opk=1,

Example 3.39. Let
G =((1,4)(2,5), (1,3,5)(2,4,6)) < Sym(6).

Then G has the following orbitals:

Ay ={(1,1),(2,2),(3,3),(4,4),(5,5),(6,6)},
Ay ={(1,2),(4,5),(3,4),(6,1),(3,1),(5,6),(6,4),(2,3),(5,3),(2,6), (1,5), (4, 2)},
Az ={(1,3),(4,3),(3,5),(6,5),(3,2),(5,1),(6,2),(2,1),(5,4),(2,4), (1,6), (4,6)},
Ay ={(1,4),(4,1),(3,6),(6,3),(5,2),(2,5)}.
We see that for I' = Ag the following holds:
ro=Aa,
I = A,

T = Azo Az ={(a,8) | Iy: (,7), (7, 8) € Ag}
={(1,5),(1,2),(2,6),(2,3),(3,4),(3,1),(4,2),(4,5), (5,3), (5,6), (6,4), (6, 1)} = Aa.
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A3 oAy = {(avﬁ) | 3’7 : (OZ?’V) € A3> (’776) € A4}
={(1,3),(1,6),(2,1),(2,4), (3,5), (3,2), (4,6),(4,3), (5,1),(5,4),(6,2), (6,5)} = A3,

A3 OA2 = {(avﬁ) | 37 : (Oé,’}/) € A?n (’77/8) € AQ}
= A1 UAy.

The following lemma is [2, Theorem 3.2B(i)].

Lemma 3.40. Let G act transitively on Q. Let X, A C QxQ and suppose that A is G-invariant.
Then
[(ZoA)(a)] < [E(a)] [A(a)].

Proof. We have

(ZoA)(a)={Be€ Q]| (x,B) €ToA}
={p € Q| Iy with (o,7) € ¥ and (v,3) € A}

= U A

vEX(a)

Since A is G-invariant, for g € G we have

(Aa))? ={B €] (o, ) € A}
={B7€Q| (o, B) € A}
={p7€Q|(a?,p%) € A%}
= {8 €| (a9 ) €A}
= A(a9).

By transitivity of G on €, it follows that |A(y)| = |A(«)]| for all v € Q. Hence

(EoM)(@) < Y A = 2@ |A)].

vEX(a)
d

Theorem 3.41. Let G be primitive and let A be a non-diagonal orbital of G. Then the following
hold:
(1) ForT'=AUA*,
YJr® =axa.
k>0
(2) If G has finite rank r, then
J ™=axa
0<k<r—1

(3) If diGraph(A) is strongly connected, then the above statements also hold for I' = A.
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Proof. (1) We have
F(k) = {((X,,B) € QxQ | H’Y : (aafy) S F7 (77 ﬁ) € F(kil)} (331)

This is precisely the set of all pairs of vertices that are joined by a path of length k in
diGraph(I"), and hence also the set of all pairs of vertices joined by a path of length k in
the undirected graph uGraph(A).
Now let (g,0) € Q x Q. Since G is primitive, Theorem implies that diGraph(T") is
connected. Hence there exists k& such that there is a path of length k£ from € to ¢ in
uGraph(A). Therefore

(e,6) € [ JTW.

k>0
(2) Define
o(s)= | J TW.

0<k<s

Then ®(s) is the set of all pairs («, 3) of vertices for which there exists a path in I" of
length at most s from « to 5. In particular,

P(0)CP(1)C---
Assume that ®(t) = ®(¢t — 1) for some ¢ > 1. Then
I = T® o Cd(t) ol =d(t —1) o T C B(2),

and hence ®(¢t + 1) = ®(t), because by definition

d(t+1)= U k) — p+1) U I | =10 U a() C o(t).
0<k<t+1 0<k<t

It follows that ®(s) = ®(¢t—1) for all s > ¢, and in particular, by part (1), that (¢t —1) =
Q x Q.

It remains to show that ®(r) = ®(r—1). Since each orbital of G is an orbit of G on Q2 x 2,
every G-invariant subset of £ x € is a union of orbitals. Now each I'®¥) is G-invariant, and
hence so is each ®(s). Therefore each ®(s) is a union of orbitals. As the sets I'®) cover
Q x Q, for each orbital there exists some k such that it is contained in T'®). Since G has
exactly r orbitals, there can be at most r distinct sets among the ®(s). In particular,

O(r—1)=Q x Q.

(3) Clear.

The following lemma is [2, Theorem 3.2B(iii)].

Lemma 3.42. Let G be primitive on § with finite rank r, and suppose that G has a suborbit
of finite length m with m > 1. Then Q is finite and

m" —1

Q<T4+m+-4+m' = :
m—1
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Proof. Let o € . By Lemma [3.20] we can find an orbital A of G such that G, has an orbit
A(a) of length m. Since m > 1, A is not the diagonal orbital. We first show that diGraph(A)
is strongly connected.

Let E, be the set of all v € Q for which there exists a directed path in diGraph(A) from «
to 7.

Now A®) is the set of all directed paths of length k in diGraph(A), and hence A(k)(a) is
the set of all endpoints of directed paths of length &k in diGraph(A) which start at . Thus

Eo=|J AW (0),
0<k

since every endpoint of a path has to lie on a path of length k for some k.
Since the sets A®¥)(q) are also Gq-invariant, they are unions of Ga-orbits. But there are
only r such G-orbits in total, and therefore

Eo= |J A¥(a).

0<k<r

(Argue as in the previous lemma with the sets ¥(s) = Jycpcs A®(a).) In particular, E, is
finite, since every A% (a) is finite by Lemma m o
Furthermore, for g € G we have
(Ep)? = Eqgs.

Since G is transitive, it follows that

|Eo| = |E3| for all g € Q.

Now |A(a)| =m > 1, so |Ey| > 1.

Choose f € E, \ {a}. Then Ejg is the set of all endpoints of directed paths beginning at /.
But there exists a directed path in diGraph(A) from « to 3, and hence all these endpoints also
lie on directed paths beginning at «. Therefore

Ez C E,.
Since these are finite sets of the same cardinality, we have
Eg = E,.

In particular, 8 € E, and a € Eg, so there exists a directed cycle on which both « and
lie. By Lemma it follows that diGraph(A) is strongly connected.
By Theorem [3.41)(3) and (2), we now have

axo= (] a®,
0<k<r
and hence E, = Q. It follows that
o< Y 1a®@) < 3 mi,
0<k<r 0<k<r

by Lemma [3.40 O
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Definition 3.43. Let G be a finite transitive permutation group of degree n. The list of
subdegrees is the list of orbit lengths of a point stabilizer on 2.

The list of subdegrees is an invariant of G. We will always list them in increasing order, i.e.
np=1<ng <. <ny,
where r is the rank of G.

Lemma 3.44. Let G be a finite group acting faithfully and transitively on 0, and let o € ).
Then Fixq(Gq) is a block for G. In particular, if G is primitive, then either Fixq(G,) = {a}
or G, =1 and the degree n := Q] is a prime.

Proof. Exercise. O

The next lemma tells us that in a finite, primitive and non-regular permutation group, the
stabilizer of any point fixes only that point.

Lemma 3.45. Let G < Sym(Q) be a finite primitive group that is not reqular on . Then
n; > 1 for all i with i > 1.

Proof. Exercise. O
The following theorem is [2, Lemma 3.2B(i)].

Theorem 3.46. Let G < Sym(QQ) be a finite primitive group which is not reqular on €, with
|| = n. Suppose G has rank r > 2 and subdegrees

n=1<ny < - < n,.

Then
nit1 < ni(ng — 1) forall2 <i<r.

Proof. We argue similarly as in the previous lemma. Fix a € ). By Lemma the orbitals
Aq,..., A, of G correspond to the orbits of G, on 2, and we may order them such that
|A;(a)| = n; for each i. Thus

L=n1 = |[A1(a)] <ng = [Ag(a)] < - <A ()| = 7y

Consider
I'= AQ e} A;
Then
I'= {(aaﬁ) | Eh/ : (a77)7 (/877) € AQ}
Since ng > 1 (by Lemma |3.45)), Ag is a non-diagonal orbital.
Now consider the color graph G of G. We look at paths of the form

a = Qp, 1,02, ...,0,

such that (a;,a;11) € Az when ¢ is even, and (a;, a11) € A% when ¢ is odd. We call such a
path an alternating path of length k.
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Since I' = Ay o A} and ny > 1, the set I' contains a non-diagonal orbital. Hence by
Theorem [3.41)(2),
J ™=axa
0<k<r—1

Thus for every S € () there exists an alternating path from « to g of length at most r — 1.
Let 2 < i < r and we prove n;1+1 < n;(ng — 1). Let k be the length of a shortest alternating
path from « to a vertex § with (o, 8) € A; and j > i. Consider such a path

a:ao,al,...,akzﬂ.

Then k > 2, since («, 8) ¢ Ay. By minimality of k, we have (o, 1) € Ay for some t < i.
Suppose k is odd. Then Aj(«) is a G,-orbit containing 8. For any 6 € Aj(«), say § = 39
with g € G, we obtain another alternating path

— 9 9 g _
a=ayaf,...,a]_,B9=0

of length k.

Since Ay(a) is also a Go-orbit, we have o _; € A(a). Thus every § € Aj(«) arises from an
alternating path whose predecessor lies in As(a).

Now count possibilities for 6. There are at most n; = |A(a)| choices for the predecessor
ap—1. From each such predecessor there are ny edges in Ao, but one of them leads back to ay_s,
so there are at most ny — 1 possible next vertices. Hence

n; < ng(ng — 1) < ni(ng —1).

If k is even, interchange the roles of Ay and A3 and argue similarly.
Since j > ¢ + 1, this yields
Ni+1 S ni(ng — 1).

One can in fact prove more, for example that ged(n,,n;) #1 for 2 <i <r.

Brief overview

We know that the orbits of G on € x  are in bijection with the orbits of G, on Q. If G acts
transitively on €2, then G always has rank at least 2, since A; is an orbital and there is at least
one more. If there is exactly one more, then G is 2-transitive, since G, acts transitively on
Q\ {a}. Thus the transitive groups of rank 2 are exactly the 2-transitive groups.

Burnside showed that a finite 2-transitive group G is either almost simple (i.e. 7' = Inn(T") <
G < Aut(T'), where T is simple), or a subgroup of AGL(V).

The next interesting case is therefore that of rank 3 groups. Higman already studied rank
3 groups in 1964. A group of rank 3 can be primitive or imprimitive.

The primitive groups of rank 3 have been completely classified in work of Bannai (1972),
Cameron (1981), Liebeck and Saxl (1986), Liebeck (1987), and Dempwolff (2001).

A primitive rank 3 group is either

1. an almost simple group,

2. a subgroup of an affine group AGL(d, p) for a prime p,
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3. a subgroup of H 1S5 acting on A? via the product action, where H is a 2-transitive group
on A.

An important generalization of primitive groups are the quasiprimitive groups, introduced
by Cheryl Praeger.

Definition 3.47. A group acts quasiprimitively on € if every non-trivial normal subgroup of
G acts transitively on €.

We know that the orbits of a normal subgroup are blocks; however, there may also be blocks
that do not arise in this way. Thus in a quasiprimitive group, not all blocks are orbits of normal
subgroups.

Devillers, Giudici, Li, Pearce and Praeger published a paper in 2011 titled: “On imprimitive
rank 3 permutation groups” (J. Lond. Math. Soc. (2) 84 (3)).

They write in their abstract: “A classification is given of rank 3 group actions which are
quasiprimitive but not primitive. There are two infinite families and a finite number of individual
imprimitive examples. When combined with earlier work of Bannai, Kantor, Liebler, Liebeck
and Saxl, this yields a classification of all quasiprimitive rank 3 permutation groups”.

Further properties of point stabilizers

Lemma 3.48. (Exercise 1.5.5 in Dizon—-Mortimer.) Let G act primitively on  and let A C Q
contain at least two points. Then for every pair o, 8 € Q with o # B there exists g € G such
that

[{o, B} NAI| =1.

Proof. Define a relation on Q by a ~ ( if and only if for all ¢ € G we have
{0, B} N A7 = {a, 8} or {a,B}NAI= .

We show that this is a G-invariant equivalence relation.
It is clearly reflexive and symmetric. Now suppose a ~ 8 and 8 ~ «. Then for all g € G,

{a, sy N A% € {{o, 5}, 2} and {59} N AT € {{B,7}, 2}

Hence also for all g € G,
{a,v} N A% € {{a,7}, 2},

and thus a ~ 7.
The relation is G-invariant: if o ~ 8 and g € G, then for all h € G,

{af, B9} A" = {9, B7 N A" € {2, {a?, 39}}.

Hence a9 ~ 9.

Thus ~ is a G-invariant equivalence relation, i.e. it defines a block system. Since G is
primitive, it must be trivial. As A contains at least two points, the relation cannot be universal,
so it must be equality.

Therefore, for every a # 3 there exists g € G such that

‘{04,5}0A9| =1.
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Definition 3.49. Let G be a group. A group S is called a section of G if there exists a subgroup
U < G and a normal subgroup N < U (i.e. N < U < @) such that

U/N = 8.

Theorem 3.50. Let G < Sym(f2) be a finite primitive group and o € 2. Let ' be a non-trivial
orbit of Go. Then every simple group that occurs as a section of Gy is isomorphic to a section
of GL. In particular, every composition factor of G4, already occurs in GL.

Proof. Let {1} < H < G, and B € . We first show that there exists g € G such that g~ ' Hg
fixes o but not j3.

Let A = Fix(H). Then A # Q since H # {1}. If 8 ¢ A, we can take g = 1. Otherwise
B € A. Since G is primitive, any subset A # ) containing two points «, 5 cannot be a block.
Hence there exists g € G such that

a € AY =TFix(¢g"'Hg) and S ¢ AY.

Now let S be simple and isomorphic to a section of G,. Choose H < (G, minimal such
that S = H/K for some normal subgroup K < H. Since S is simple, K is a maximal normal
subgroup of H.

If N < H with N £ K, then

S~ H/K=NK/K = N/(NnK).

This would contradict minimality of H, since N < H. Hence every proper normal subgroup of
H is contained in K.

In particular, every homomorphic image of H has a section isomorphic to S, since the kernel
must lie in K.

Now choose g € G such that g 'Hg < G, and (g~ Hg)" # {1} (since 3 is not fixed). Then
GY, contains (g7 Hg)" and hence also the section

(9 'Hg)/(g ' Kg) = S.
0

Corollary 3.51. Let G be finite, primitive and non-regular on Q, and let I' # {a} be an orbit
of Go. Then the following hold:

(1) If p is a prime divisor of |G4|, then p also divides |GL)|.

(2) If GL is solvable, then so is G.

Theorem 3.52. Let G < Sym(Q2) be finite and transitive of degree n, and let P be a non-trivial

Sylow p-subgroup of G. Then
n
5.

Proof. If n < 3, the statement is easily checked since n/2 < 3/2 and | Fix(P)| < 1. We argue
by induction on n, so assume n > 3.

| Fix(P)| <

(a) G primitive. If P fixes no point, we are done. So assume P fixes a point a and let
Q1 ={a},Qq,...,Q, be the orbits of G, on Q, with n; := |Q;| and ny = 1.

Since 1 # P < G4 and G, is maximal, it follows that p | |G4|. By Corollary p| |G|
for all > 1, so P acts non-trivially on each €; with ¢ > 1.
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By induction (applied to G, acting on £2;),

—1
| Fix(P) N Q] < for all i > 1.
Hence .
. n; — 1 n—r+2 n
|F1X(P)|S1—|—; 5= 5 35.

We must exclude equality. Since P < G, we have p{ [G : G,] = n. Every P-orbit has size
divisible by p, so p | | supp(P)|. If equality held, then

. n
[supp(P)| = — | Fix(P)| = 2.

which is divisible by p, contradicting p t n. Thus | Fix(P)| < n/2.

(b) G imprimitive. Let ¥ = {Aq,..., A} be a block system with each block of size d, so
n=md and 1 < d < n. Let K be the kernel of the action of G on X.
Since each A; is a block, if A; NFix(P) # @ then P < Ga,, so P fixes at least | Fix(P)|/d
blocks setwise. In particular,
| Fix(P)|
d

(i) If P £ K, then P acts non-trivially on ¥, and by induction (applied to G*),

< [Fixn(P)|.

| Fix(P)]

~— < | Fixs(P)| <

so | Fix(P)| < md/2 = n/2.

(ii) If P < K, then P acts trivially on ¥. Since all groups K¢ are isomorphic, each has order
divisible by p. If A; C Fix(P), then P acts trivially on A;, and hence all Sylow p-subgroups
of K act trivially on A;, a contradiction since p | |[K2i|. Thus P acts non-trivially on each A;,
and by induction (applied to Ga, on A;),

O]

Lemma 3.53. Let P be a transitive p-subgroup of Sym(A) with |A| > 1. Then any minimal
P-block system consists of exactly p blocks. Furthermore, the subgroup P’ which stabilizes all of
the blocks has index p in P.

Proof. Let B = {Bj,..., B} be a minimal nontrivial block system for the action of P on A.
Since P is transitive on A, it is also transitive on the set of blocks, so the induced action of P
on B is transitive. Let P’ be the kernel of this action, that is, the subgroup of P fixing each
block setwise. Then

P/P'

acts faithfully and transitively on B.
We claim that this action is primitive. Indeed, if there were a nontrivial block system for the
action of P/P’ on B, then by taking unions of the corresponding blocks in A we would obtain
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a P-block system on A strictly coarser than the partition into points and strictly finer than B.
This contradicts the minimality of B.

Thus P/P’ is a primitive p-group on the set B. We now show that any primitive p-group
has degree p. Since P/P’ is a nontrivial finite p-group, its center is nontrivial. Let

142 € Z2(P/P).

Because the action is primitive, any nonidentity central element cannot fix a point of B: if z
fixed some block B;, then for every g € P/P’,

2(9(Bi)) = g(2(Bi)) = g(Bi),

so z would fix every point of B, contrary to z # 1. Hence z is fixed-point-free.

Now the cycles of a permutation of p-power order all have lengths that are powers of p.
Since z is fixed-point-free, all cycles of z have length at least p. Because z lies in the center, its
orbits form a block system for the primitive action of P/P" on B. Primitivity therefore forces
these orbits to be the whole of B. Thus z is transitive on B, so B has size equal to the order of
the cyclic group generated by z on B, which must be p. Therefore,

m = |B| = p.
Finally, since P/P’ acts faithfully and transitively on the p blocks, we have
|P: P'| = |P/P'| = |B| = p.

Equivalently, P’ has index p in P. O

3.4 Testing isomorphism of cubic graphs

We follow the paper of Luks. We demonstrate that the problem of testing isomorphism of cubic
graphs is polynomial-time reducible to the Color Automorphism Problem for 2-groups. The first
step is a modification of the reduction of the graph isomorphism problem to an automorphism
problem.

Proposition 3.54. Testing isomorphism of cubic graphs is polynomial-time reducible to the
problem of determining generators for Aut(X )., where X is a connected cubic graph and e is a
distinguished edge.

Proof. Assume we have a polynomial-time algorithm which returns generators for any such
Aut(X). It suffices to be able to compare two connected cubic graphs X;, X5. Fix an edge
e1 € E(X1). For each edge es € F(X3) we can test whether there is an isomorphism from X
to X which maps e; to es as follows. Construct a connected cubic graph X from the disjoint
union X7 U Xs by

(1) inserting new vertices v in e; and vy in e, and
(2) joining v; to vy with a new edge e.

Then there is an isomorphism from X; to Xs mapping e; to es if and only if some element of
Aut(X), transposes v; and ve. Furthermore, if such automorphisms exist, any set of generators
of Aut(X), will contain one. O
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We now fix a connected cubic graph X with |V (X)| = n. The group Aut(X), is determined
through a natural sequence of successive approximations, Aut(X,)., r = 1,2,..., where X, is
the subgraph consisting of all vertices and all edges of X which appear in paths of length at
most r through e. So X; = e itself and X,,_1 = X. The groups are related via the induced
homomorphisms

Tt Aut(Xpq1)e — Aut(X,)e,

in which 7, (o) is the restriction of o to X,. Thus, assuming we know Aut(X,)., the determi-
nation of Aut(X, ;1) breaks up into two problems:

(i) Find a set K of generators for K., the kernel of m,.
(ii) Find a set S of generators for m,(Aut(X,41)e), the image of 7.

Then, if &’ is any pullback of S in Aut(X,41)e, that is, 7,.(8") = S, then K U S’ generates
Aut(X,11)e. It turns out that the essential, and difficult, problem is (ii).

To investigate these problems we consider V(X,11) \ V(X,). Each vertex in this set is
connected to one, two or three vertices in X,. We codify this relationship as follows: Let A
denote the collection of all subsets of V(X,) of size one, two, or three. Define

VX)) \ V(X)) — A
by
fo) ={w e V(Xy) | {v,w} € E(X) }.

We call v,v', for v # v/, twins if f(v) = f(v') (note: triplets cannot exist). In the above
example vg and v4 are twins, v; and ve are not. Now,

o e AW(Xrp)e = flo(v) = a(f(v). (+)

Thus, in particular, if ¢ € K, (i.e. o fixes all elements of X,) then f(v) = f(o(v)); so either
v =0 (v) or v and o(v) are twins. It follows that K, is precisely the elementary abelian 2-group
generated by the transpositions in each pair of twins.
Since
| Aut(Xyq1)e| = |[Im 7y | - [ K|,

an induction argument recovers the following result.
Proposition 3.55 (Tutte). For each r, Aut(X,). is a 2-group.

To get at (ii), observe that (x) implies any o € 7, (Aut(X,11)e) stabilizes the set of fathers
with one son, i.e.,

Ay ={ae€ A|a= f(v) for some unique v € V(X,11) \ V(X;)}.

Furthermore any o € m,(Aut(X,41).) must stabilize the subset of A consisting of the fathers of
twins, i.e.,

Ay ={a e A|a= f(v1) = f(vg) for some v1 # va}.

Now, aside from the edges from V(X,41)\ V(X,), there are elements of E(X,41)\ E(X,) which
join two vertices in V(X,). These correspond to the subset of A,

A’ = {{wi,we} € A| {w1, w2} € E(X,41)}.

An element of 7, (Aut(X,41)e) must also stabilize A’. However, we have now summarized the
condition that o € Aut(X, ) be in the image of ;.
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Proposition 3.56. 7, (Aut(X,11)e) is precisely the set of those o € Aut(X,). which stabilize
each of the collections Ay, As, A’.

Proof. We need only now show that, if o stabilizes Ay, A, A’, it does indeed extend to an
element of Aut(X,1)e. For such o, we define the extension as follows.

For each “only child” v, f(v) € A; implies o(f(v)) € A1, so map v to the unique vertex
corresponding to o(f(v)).

For each pair of twins v,v’, f(v) € Ay implies o(f(v)) € A2, so map {v, v} to the twin pair
corresponding to o(f(v)) in either order.

By construction, this extension stabilizes the set of edges between V(X,) and V(X,11) \
V(X;) (note that f(v) and o(f(v)) automatically have the same cardinality as subsets of V (X)).
That it stabilizes the “new” edges between “old” points was implicit, before the extension, in
the condition o(A") = A'. O

Let Ag = A\ (A1 U Az). In order to isolate the essential problem, we color the set A with
six colors to distinguish the six disjoint regions

AgN A, ANA, AN A, A \A, A \A, A\ A.

We are now looking for the color preserving elements in Aut(X,). in its action on A. Thus
cubic graph isomorphism is polynomial-time reducible to the following:

Problem 1. Input: A set of generators for a 2-subgroup G of Sym(.A), where A is a colored
set. Find: A set of generators for the subgroup {¢ € G | ¢ is color preserving}.

The presence of a group action on a set suggests two divide-and-conquer mechanisms: the
decomposition of the set into orbits and, in the transitive case, the decomposition of the set
into blocks of imprimitivity. Both of these come into play in the algorithm for Problem 1 but
they require a generalization of the problem that admits a recursive procedure.

We fix a colored set A with n elements. The number and distribution of colors is unimpor-
tant. For a,b € A, the relation “a has the same color as b” will be abbreviated a ~ b. Suppose
B C Aand K < Sym(A). Set

Cp(K)={o €K |forallbe B, o(b) ~b}.
The following properties are immediate:

(i) CB(K U K/) = CB(K) U CB(K,).
(ii) Cpup'(K) =Cp/(Cp(K)).
The generalization we need of Problem 1 is:
Problem 2. Input: Generators for a 2-subgroup G < Sym(A), a G-stable subset B C A,
and o € Sym(A). Find: Cp(cG).
Problem 1 is the special case B = A, 0 = 1. We observe first that

Lemma 3.57. If Cp(0@) is not empty then it is a left coset of the subgroup Cp(G).

Proof. The G-stability of B guarantees that Cp(G) is a subgroup. If oy € Cp(cG), then
in particular o9 = o7y for some 790 € G. For 7 € G, b € B, we know 7(b) € B and so
oo(7(b)) ~ 7(b). Thus oo7 € Cp(cG) if and only if 7 € Cp(G). That is,

Cp(cG) = ooCp(G).
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By the lemma, we expect the program for Problem 2 to accept, as input, a coset of a group
and return an answer of () or a coset of a group. The cosets would each be specified by a pair
consisting of a representative element and a set of generators for the group.

The algorithm for Problem 2 proceeds as follows. If B is the union of G-stable subsets
B’, B” then

Cp(0G) =Cp/ (Cpr(c@)).

If not, that is, if G acts transitively on B, we recall Lemmas 1.1, 1.3 and write B as the
union of two G-blocks, B = B’ U B”. Note, we do not, this time, attempt to compute Cg:(cG)
directly; B’ is not G-stable. However, we can find in polynomial (in n) time the subgroup H of
G which stabilizes B’, B”. Then

G=HUTH

and so

Cp(cG) =Cp(cH)UCp(ocTH)
=Cp (CBN(O'H)) UCp (CB//(UTH)).

It is important to observe that Lemma 2.4 guarantees, when both subanswers Cp(cH) and
Cp(oTH) are non-empty, that they must paste together neatly to a single coset of Cp(G). In
such a case, we would have

Cp(ocH) = p1Cp(H), Cp(oTH) = poCp(H),

and the main answer would be expressed

Cp(0G) = p1(Cr(H), p; ' po)-

(The answer must include the right-hand side since Cg(H) and p]* ps are contained in C5(G);
on the other hand, the right-hand side clearly contains the two subanswers.)

We have shown how, in the intransitive case, the set breaks into disjoint pieces and we solve
one problem on each piece. And, in the transitive case, the computation of Cz(cG) involves four
recursive calls to similar problems on sets B’, B” of half the size. It remains only to examine
the case |B| = 1. But, if B = {b} and Gb = B then

oG ifo(b) ~ b,

CploC) = {@ if o (b) 2 b.

So this is resolved in constant time. Standard induction arguments show that the total
algorithm requires only polynomial time.
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Wreath products

4.1 Semidirect products

As a reminder, we define once again the semidirect product of two groups K and H.

Definition 4.1. A group G is called the semidirect product of two groups K and H if:

o K 4G,
e KNH=({1},
e K -H=4G.

We use the notation K x H.

Then every element g € G can be written uniquely as g = kh with £ € K and h € H.
Conversely, given groups K, H, and a homomorphism

v: H— Aut(K),
we can define the semidirect product of K and H as
K xH={(k,h) | ke K, he H},

where

(K1, h) - (Ko, ho) = (kl(kz)w(hfl), hihs).

Theorem 4.2. Let G be a group. Then G has a normal subgroup N and a subgroup U with
G/N = U if and only if G is isomorphic to a semidirect product G = K x H.

4.2 Wreath Products

Every group that acts faithfully on a set € can be embedded into the symmetric group Sym(£2).
We now first describe imprimitive subgroups of Sym(€2).
For sets A and T' we denote by Al the set of all maps from I' to A.

Lemma 4.3. Let (K,*) be a group and let T’ be a set. Then the set K' of all maps from T to
K is again a group with respect to pointwise multiplication of maps.

36
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Proof. We show that (K, -) is a group, where the multiplication f; - fo: I' — K is defined by

v = f1(y) * f2(7)-

It is clear that fi - fo is again in K'. The identity in KT is evidently the map 1: v — 1.
Associativity of the multiplication is immediate, since K is a group. Let f; € K'. Then the
map

_ 1
AT =Koy (A0)
is an element of KT and satisfies
A-fit=fHt A=1
O

Now let H be a group acting on I'. Then we can define an action of H on KT by (f, h) = f",
where f" is defined by X
fhzl"—>K:7|—>f(7h7 ).

We first show that this indeed defines an action of H on K'. Let f € K'. Then fl# = f,
and for hy, ho € H we have

() = iyt
= f((y" )
= My
= (") ().
In particular, the action of H on K yields a homomorphism ¢: H — Aut(K").

Definition 4.4. Let H and K be groups, and let I" be a set on which H acts. The semidirect

product
K'xH={(fh)| feK", heH}

where

-1
(f1,h1) - (f2,ha) = (fr(f2)" ", haha),
is called the wreath product of K with H, written K i H. The subgroup

B={(f1)|feK"}

is called the base group.
Remark 4.5. 1. It is easy to see that
(fih)~h = ((FH T,

since

(f, ) (fsh) ™ = (£ (" pTY)
= (f(((f_l)h)h_l)» hh_l) = (ff ' 1x) = (1, 1g).
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2. The wreath product of K and H depends on the action of H on I'. To make this explicit,
the wreath product is denoted by K ir H. If H acts regularly on itself by right multipli-
cation, then this is the standard wreath product, and we omit I'. Often I is also omitted
when it is clear from the context which action of H on I' is meant. In the standard wreath
product K H, for f € K the action of H on f is defined by

fham flah™).
This corresponds to right multiplication, since for v € I' = H we have

o) = F") = f(vh ).

3. Consider the case where I is a finite set, say m = |I'|. In this case K =2 K™, since every
map f € K' can be described by its values (fi,..., fm), where the f; € K are defined by
f; = if. Hence, when T is finite, we write the elements (f,h) € K ir H in the form

(f?h):(fla---7fm;h))

where if = f; for 1 <i < m. Thus the wreath product of K and H is defined as
KuwH:=K'xH={(fi,-.., fmh) | f; € K, h € H},

with multiplication on K i H given by

(fl?"‘7fﬂ17h1)(f{7"‘7fr/n7h2) - (flf]/_hlv'” 7fmfr/nh1)h1h2)'

The following theorem shows that the standard wreath product has a universal property:
every extension G of N by H (that is, there exists an exact sequence 1 - N - G — H — 1)
can be embedded into the standard wreath product N ! H of the groups N and H. Thus the
wreath product contains a copy of every extension of N by H. This theorem was first proved
by Krasner and Kaloujnine in 1951.

Theorem 4.6 (The universal embedding theorem). Let G be a (finite) group, let N < G, and
let H= G/N. Then there exists a monomorphism ®: G — N H such that

O(N)=9(G)NB.
Proof. Let ¢v: G — H be a homomorphism with NV = ker . Let
T={t,|ue H}

be a system of representatives for the right cosets of N in G such that 1 (t,) = u for all u € H.
For g € G we then have

1#(%9) = 1/J(tu)¢(g) = UT/J(SJ) = ¢(tuw(g)),

and hence
-1 o
tugtuw(g) € ker¢ = N.

For g € G define the function

. . -1
fg: H— N: u+—>tugtu¢(g).
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Then we can define an embedding of G into N ! H by

Q: g (fga¢(9))-

One checks easily that
f9192 (u) tuw(glgg) = tugl.QQ

= tugit g,y * tu(en) 92
= fg1( ) mj) (g1)92
= fg(u) - fo,(utp(g1))t uh(g1)(g2)

1
= fo (u) - fgd;(gl) (u) bugp(g1)(g2)-

Hence
—1

fa19: = far fw(gl
Thus @ is a homomorphism: let g1,g2 € G. Then

®(g192) = (fg1gz ,¥(9192))

= (fo f29 7 (1) (g2))
= (f917¢(91))(f927¢(92)) = ®(g1)P(g2).

Moreover, ker ® = 1, since ®(g) = 1 means that f; = 1 and 9(g) = 1, and hence
g=1t7"fo(Dtrye = 1.

Thus @ is injective.
Finally, ®(g) € B if and only if ¢(g) = 1, and this holds if and only if g € N. Therefore

B(N) = &(G) N B.

4.3 The imprimitive action

Remark 4.7. Let K and H be groups, let A and I' be non-empty finite sets, and suppose that
K actson A and H actson I'. Let I' = {1,...,m}. Set

Ai = A X {Z}

and identify
AxT = U A,

i=1
Then the wreath product K ir H of K and H acts naturally on A x I' as follows. The top
group T is defined by the action of H on A x I via

(6,0)h = (8,M).
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The base group B is defined by the action of KT on A x I via
(672')(91,..-,g'm) = (89 ,14).

The wreath product K H is the group generated by B and T', and consists of all products
bt withbe BandteT.

This corresponds to the action of H on KU described above, since a function ¢ € KU is
described by its values, in particular g(i) = g;. Hence for h € H the map g" is given by

We see that
((8,0)1)(0rewstm) = (5, (o) = (590 ),

while . . . »
(8,4)0 wmom b= (9 )t = (89 M),

Example 4.8. Consider Zg ! S3. Then A = {1,2} and T = {1,2,3}, so m = 3. The group
K = Zs is generated by (1,2). The group H = S3 is generated by {(1,2), (1,2,3)}. The wreath
product acts on the set

Q= {(17 1)7 (2,1),(1,2),(2,2),(1,3), (27 3)}

The base group is generated by the permutations

by :((172)’()7()71H)7 by = (()7(1’2)7()71H)7 by = (()7()7(172)71H)'

These act as

by = ((17 n 21 (1,2) (2,2) (1,3) (2,3))
21 1,1 (1,2) (2,2) (1,3) (2,3))°

by = ((17 n 21 (1,2) (22) (1,3) (2,3))
(L) (2,1 (2,2) (1,2) (1,3) (2,3))°

by = ((17 n 21 (1,2) (22) (1,3) (2,3)>
(L) (2,1 (1,2) (2,2) (2,3) (1,3))°

The top group is generated by the permutations
hi = (1p,(1,2)) and he = (1p,(1,2,3)),

which act as follows:

h1:<(1’1) (2,1) (1,2) (2,2) (1,3) (2,3)>
(1L,2) (22) (L,1) (2,1) (1,3) (2,3))
h2_<(1,1) (2,1) (1,2) (2,2) (1,3) (2,3)>

(1,2) (2,2) (1,3) (2,3) (1,1) (2,1))
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If we renumber the points of Q as {1,2,3,4,5,6}, then we obtain the permutations
by = (1,2), by = (3,4), bs = (5,6),
h1 =(1,3)(2,4) and he = (1,3,5)(2,4,6).
We see immediately that Zy 1S3 acts imprimitively and that

{{1,2},{3,4},{5,6}}
is a block system.
In general, the wreath product defined in this way acts imprimitively on A x I'; and the

blocks are the sets A;. The base group permutes the elements of each A;, while the top group
permutes the A; among themselves. The order of the wreath product is |K|™|H|.

Lemma 4.9. Let Q be a set with || = n, and let there be given an unordered partition of
into m blocks, each of size b. Then the stabilizer of this partition in Sy, is isomorphic to SplSy,.

If we do not assume that I' is finite, then we can define the imprimitive action on A x I in
full generality by
(8,7)FM) = ((5f(7)77h)'

4.4 The primitive action

There is another important action of wreath products on sets, namely the so-called product
action. This action is not always primitive, but it is very often primitive. Let again K and H
be finite groups, let A and I'" be non-empty finite sets, and suppose that K acts on A and H
acts on I'. Let I' = {1,...,m}. Then the wreath product

Ko H=K"xH

acts on the set Al of all maps from T' to A. This set has cardinality |A|™.
Let 7 € Al'. Then we may represent 7 by the vector of length m of its values, that is, if
I'={1,...,m}, then 7 is determined by

(m(1),...,7(m)).

Write m; = m(i). Then the base group B acts componentwise on Al via

(7[']_, PN 77Tm)(gl7“.7gm) = (W§17 . ’7r$n,m)
The top group acts by
M1y ) = (Tyh=1ye ey T, 1)

This is indeed an action. For this we must verify that
(715 -y ) = (m(1),..., w(m))?®
(1@ (m(@) )

1 ()

(x(1), ..., w(m))*)"
= ((7‘(‘1, . ,Wm)a)b,

where a and b are elements of the top group of the wreath product.
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Example 4.10. We consider again Z1S3 and let this wreath product act on A via the product
action, where

Al ={(1,1,1),(1,1,2),(1,2,1),(1,2,2),(2,1,1),(2,1,2),(2,2,1),(2,2,2)}.

Then the action of the base group is given by

b — (1,1,1) (1,1,2) (1,2,1) (1,2,2) (2,1,1) (2,1,2) (2,2,1) (2,2,2)

1_<(2,1,1) 2,1,2) (2,2,1) (2,2,2) (1,1,1) (1,1,2) (1,2,1) (1,2,2))’
b (1,1,1) (1,1,2) (1,2,1) (1,2,2) (2,1,1) (2,1,2) (2,2,1) (2,2,2)
2_<(1,2,1) (1,2,2) (1,1,1) (1,1,2) (2,2,1) (2,2,2) (2,1,1) (2,1,2))’
e — (1,1,1) (1,1,2) (1,2,1) (1,2,2) (2,1,1) (2,1,2) (2,2,1) (2,2,2)
3_<(1,1,2) (1,1,1) (1,2,2) (1,2,1) (2,1,2) (2,1,1) (2,2,2) (2,2,1))’

and the top group acts via
b _((1,1,1) (1,1,2) (1,2,1) (1,2,2) (2,1,1) (2,1,2) (2,2,1) (2,2,2)>
T\ Ly) (1,1,2) (2,11 (2,1,2) (1,2,1) (1,2,2) (2,2,1) (2,2,2))°
" _((1,1,1) (1,1,2) (1,2,1) (1,2,2) (2,1,1) (2,1,2) (2,2,1) (2,2,2))
27\, (2,1,1) (1,1,2) (2,1,2) (1,2,1) (2,2,1) (1,2,2) (2,2,2)

That is, on

we obtain the permutations

b1 = (1,5)(2,6)(3,7)(4,8),
by = (1,3)(2,4)(5,7)(6,8),
b3 = (1,2)(3,4)(5,6)(7,8),
hi = (3,5)(4,6),
ha = (2,5,3)(4,6,7)

Note that this action is not primitive, since {1,4,6,7} is a block. However, the action of
K r H on Al is very often primitive, as we shall soon see.

Now let K and H be groups such that K acts on A and H acts on I'. We now define, in
complete generality (that is, also for I' infinite), the action of K ir H on A, and we no longer
assume that I" is finite. Let

G=K or H.
Then G is the semidirect product
K" % H,
that is, the set of pairs (f,h) with f € K" and h € H.

The action of (f,h) on © = Al is then defined as follows. Let ¢ € Q and (f,h) € G. Then

p: "= Aand f: I' > K. Define

hil)

eI P 5 Ay go(’yh_l)f(7
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In this way, the action of (f,h) on ¢ € Q is defined using the action of K on A.
We now show that this defines an action of G on 2. Since the multiplication in G is given
by

—1
(f1,h1)(f2, h2) = (flf;l ,hiha),
we must show that for every ¢ € Q and (f1, k1), (f2, h2) € G,

—1
(Um0 F2h) _ (g3 k),

So let v € I'. Then

(((p(fl,h1))(f2ah2)) (y) = (So(fl,hl))(,yhz_l)fz(vhgl)
1

— oyt BTG Y fahz
N ] Y pete )

—1

1 nol —1,-1
h hytih
1 )le (v*2 ")

= (p(,yhglhfl)fmh?

—1
= (p(ry(hlhﬁ_l)(flf;l Yy hih2) Tty

1

(L for Pita))

= (o 7).

Hence »
(QUh)Uzha) _ (s aha),

The action of the wreath product is faithful if and only if the actions of K on A and of H
on T are faithful. The degree of the wreath product is |A[I',

Lemma 4.11. Let G be a primitive permutation group of degree at least 2 on a set Q). Then G
1s non-regular if and only if there exists a € Q) such that

Go = Ng(G,).
Proof. “<”. If G acts regularly on 2, then G, = {1} for all a € Q, and hence
Ng(Go) = G # G,.

Thus, if there exists o € Q such that Ng(G,) = G4, then G is not regular.
“=". Now suppose that G is not regular on ). Since G is transitive, there exists a € (2
such that

Ga # {1}.

We show that then G, = Ng(Gy).
Clearly,
Ga < Ng(Go).

Now let h € Ng(Gy). Then for every g € G, we have

hlgh € G,.
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Hence for every g € G,
Therefore, for every g € G,

In particular, )
o € Fixq(Ga).

But by Lemma 2.43, the set Fixq(G,) is a block. Since G is primitive, it follows that
Fixq(Gq) =2 or Fixq(Gq) = {a}.
Since G, # {1}, we cannot have Fixq(Gy) = Q. Hence

FiXQ(Ga) = {Oé}

Therefore
h—l
« = q,
so h € G,. Thus
NG(Ga) < Ga
Consequently,
Ga = N, G(Ga)

O

Theorem 4.12 (Lemma 2.7A in Dixon-Mortimer). Let K and H be non-trivial groups, let A
and I' be non-empty sets, and suppose that K acts faithfully on A and H acts faithfully on T.
Let Q = AL, Then the wreath product

G=KigH
acts primitively on € in the product action if and only if
1. K acts primitively but not reqularly on A, and
2. T is finite and H acts transitively on I'.
Proof. Let B be the base group of G and set
Hy={(1,h) e G| he H}.

Then G = BH,.
For § € A define s € € to be the function that maps every point of I" to J, that is,

ws: T > Aty 6.
Recall that the action of G on Al is given by

hil)

eI P 5 Ay go(’yh_l)f(7
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Then (f, h) € Stabg(ps) if and only if (p((;f’h) = s. This is the case if and only if

B 1 —1
Vy eT : ps(y" l)f(’yh ) = p5(7) = V’yEF:éf('yh ) = 4.

Since {y" ' | y € T} =T, it follows that

Staba(s) = {(f,h) € G | "™ = o5} = {(f,h) € G | f(7) € K; for all y € T},

Now by Theorem the group G is primitive if and only if G is transitive and Stabg(ps)
is a maximal subgroup of G.
We first show that conditions (1) and (2) are necessary.

e If H is not transitive, let 3 be an orbit of H on I'. Then
M ={(f,1) € B| f(y) € K for all y € ¥}
is a proper subgroup of B and is normalized by Hy. Moreover,
Stabg(ps) < MHy < G,

hence G is not primitive.

e If I' is infinite, define
By = {(f,1) € B| f has finite support on I'}.

Then By < G and
Stabg(¢s) < Stabg(¢s)Bo < G,

so again G is not primitive.

e If K does not act transitively on A, let Il be an orbit of K. Then G is not transitive on
AL let
v: = A

be a constant function with value € II. Then

BUR oy s (YO e TGN

so ¢ cannot be mapped to a constant function whose image lies in A \ II. Hence in
particular G is not primitive.

e If K is transitive on A but not primitive, choose R with
K; < R< K.

Then the subgroup
{(f,h) e G| f(y) € R for all y € ¥}

is properly contained in G and properly contains Stabg(¢s), hence G is not primitive.
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e If K is regular on A, then the subgroup

D={(f,1) € B| f(y) = f(v') for all 5,4’ € I}

is normalized by Hg, and thus
Stabg(ps) < DHy < G,
so again G is not primitive.

This proves necessity.

Now assume that (1) and (2) hold, and we must show that G is primitive. It is easy to see
that B is transitive, and hence G is also transitive.

We now use the fact that a group is primitive if and only if the stabilizer of a point is a
maximal subgroup, see Theorem [3.17] Therefore it suffices to show that

S := Stabg(vs)

is a maximal subgroup.
Suppose
S<M<d(G.

Now GG = BHj, and since Hy < S, it follows that G = B.S. Hence
M=MnNG=Mn(BS)=(MnB)S,

because S < M. In particular,

SNB<MnNB.
Therefore there exists
(f,1) e MNB
that does not lie in S N B. So there exists v9 € I' with
f() & Ks.

But since K acts primitively and non-regularly on A, it follows from Theorem that
K5 = Ng(Ks).

Hence
f(n0) & Nk (Ks),
and there exists k € K such that
F(0) 'k f(0) ¢ Ks.

Define g € KU by

g() =k and g(y)=1forally €T\ {y}.

Then
(9:1) €S.
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Set
y:=[f,9].
Then
(v, 1) = ((f'gf)-g,1) € MS.

Moreover, by pointwise multiplication,

y(v0) = (f(70) " 9(10) f(0)) - 9(10) € K \ K,

and
y(y) =1for all y € I'\ {70}

Now K is primitive, and hence Kj is a maximal subgroup. Since y(vyy) ¢ K5, we have

K = (Ks,y(%))-

Therefore M contains the subgroup

B(y) ={(f,1) € B| f(7) = 1 for all y € '\ {50} }.

Now
(1,h)B(0)(1,h) ™" = B(+()
for all h € H. Since Hy < M and since H acts transitively on I, it follows that

B(y) <S8

for all v € I'. Furthermore, I' is finite, and hence

B=][B() <M.
el

In particular,
M =BHy=G.

This shows that S is maximal, and therefore G is primitive. O
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Socles of primitive permutation
groups

5.1 Centralizers and normalizers

The following proofs are due to Cheryl Praeger.
Theorem 5.1. Let G < Sym(Q2) and let

C= CSym(Q)(G)

Then for a € (Q,
a® = {B| Ga = Gg}.

Proof. Let
A ={p| Gy = Gg}.
First we show that a©¢ C A.
Let 8 = a¢ for some ¢ € C'. Then for g € G, we have

BQZO(Cg:agC:O(C:/B’

and hence G, < Gg. Since a = Bcil, one sees similarly that Gg < G,. Thus Gg = G, and
B € A. Therefore a© C A.

Now we show that A C o.

Let B € A. We construct an element h € C with o = 3. For

v ¢ a“upl

set 4 = . For g € G set

(a9 = p7.
If % = B9, then h is already defined on every v € Q. Otherwise o® # %, and we define
additionally

(B9)" = af.
It remains to show that h is well defined, lies in Sym(€2), and satisfies h € Cgym () (G)-
Now
o =aV

48
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if and only if
zy ' € Gy = G,

which holds if and only if

6" = pv.
Using this, we can show that h is injective. Suppose
,}/h — 5h

for v,d € Q.
If 7,6 ¢ o U BY, then v = 6.
If v ¢ % U B% and § € o U Y, then also
e a®upd and & ea®upC,

so 7" = 6" is impossible.
If 7,8 € a%, say v = a9 and § = o, then by the observation above, from

B =" =3" =g

it follows that
od =a”,

and hence v = 6.

If o = 8%, we are done. Otherwise note that h maps the orbit a® onto 3¢ and ¢ onto
a%. Hence it is not possible that v* = 6" when ~ and § lie in different orbits.

Finally, if 7,0 € 8¢, argue as in the case where they lie in o“. One also checks easily that
h is surjective, since for every v € () one can construct a preimage.

Therefore h is a permutation of €. It remains to show that for x € G we have xh = hz. It
suffices to show that

for all v € Q.
If v ¢ o% U B%, then

since also 7* ¢ a“ U Y.
If v € %, say v = a¥ for some y € G, then
,ya:h _ aya}h _ Byx’ _ (ayh)x _ ,Yhz_
If o¢ = %, this is enough. If % # 8%, and v = BY € B, then
,ya:h — Byzh — ¥ = (Byh)z — ,yhz.
Thus hz = zh. It follows that h € C, and hence 8 € a®. Therefore

A = aC.
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Example 5.2. 1. Let
G =((1,2)(3,4)).
Then G is semiregular of degree 4. Hence
G, = {1} for all @ € {1,...,4}.

Therefore the centralizer of G' in S4 must be transitive.

The centralizer of G in Sy is
C ={((1,3)(2,4),(1,2)),
and is isomorphic to Dg, the dihedral group of order 8.

2. Let
G =((1,3,2,4),(1,2)).

The centralizer of G in Sy is

C=((1,2)(3,4)).
One sees that C' does not act transitively on {1,...,4}. In fact,
G1=((3,4))
fixes the points 1 and 2, that is,

19 = {8] Gy = Gg} = {1,2}.

3. Let
G =1((1,3,2,4)).

Then G is regular, so the centralizer C' of GG in Sy is transitive and
C=aG.

Corollary 5.3. Let G < Sym(Q2) and let C' be the centralizer of G in Sym(S2). Then:

1. G is semireqular if and only if C is transitive.

2. If G is transitive, then C is semiregular.

3. If G is reqular, then C is also regular.

4. If G is transitive and abelian, then G is regular and C' = G.

5. If G is finite and primitive, then either C = {1} or G = C is cyclic of prime order.
Proof. 1. This follows immediately from the preceding theorem, once one observes that

G, = Gg for all a, € Q

means that

Ga = {1).
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2. Let G be transitive and let H be the centralizer of C' in Sym(2). Then
G <H,
and hence H is transitive. Therefore, by (1), C' is semiregular.

3. If G is regular, then by (1) and (2) it follows that C' is also regular.

4. If G is transitive, then by (2), C is semiregular. Since G is abelian, we have
G <C.

Hence C' is transitive, and therefore C' is regular. By (1), G is then semiregular. Since G
is transitive, it follows that G is regular. But then

C=aG.
5. If G is primitive, then by Lemma 2.43 either
Fix(Gq) = {a}

for all a € €2, and then by Theorem

a® = {a}
for all @ € €, that is,
Cc=1,
or else
Fix(Gqa) = Q
and n is a prime. Hence
G, = {1}.

Therefore
|G| = |G : G| =n,

so G is a cyclic group of prime order n. By (4) it now follows that
G=C.
O

According to part (3) of this corollary, a regular permutation group G has a regular cen-
tralizer C' in Sym(€2). One can also give an exact description of the normalizer in Sym(2) of
a regular group. This is important for understanding the action of a permutation group on a
regular normal subgroup.

Definition 5.4. Let G be a group, and let p(G) < Sym(G) be the permutation group induced
by the right regular action of G on itself. The holomorph Hol(G) of G is

Hol(G) = Nsym(c) (p(G)) = {h € Sym(G) | (p(G))" = p(G)}.
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Lemma 5.5. Let G be a group acting on itself by right multiplication p. Then
Hol(G) = Neyum(c) (p(G)) 2 p(G) x Aut(G).
Proof. First, Aut(G) acts naturally on G via
G x Aut(G) —» G : (g,0) — o(g).

Let
A < Sym(G)

be the permutation group on G induced by this action of Aut(G).
Now set

H= NSym(G’) (p(G))
Since p(G) is a transitive normal subgroup of H, it follows that

H = p(G)H, fora =1¢ € G.

Because p(G) is regular, we have
H,Np(G) =1,

and hence H is the semidirect product
H = p(G) x Hy.

Now let g, € G and 0 € Aut(G). Then

=o(p(g)(a(B)))
=o(o71(B)g)
= fBo(g)
= p(a(9))(B)
Therefore
o 'plg)o = p(a(g)) € p(G)
So

A< NSym(G)(p(G)) =H.
Moreover, every o € A fixes a = 1¢g, so
A<H,.
Conversely, let
h e H,.

Since h normalizes p(G), conjugation by h induces an automorphism of p(G), and hence an
automorphism of G. Define
v: Hy — Aut(G)

by letting ¢(h) be the automorphism induced by conjugation with h.
It remains to show that ¢ is an isomorphism.



CHAPTER 5. SOCLES OF PRIMITIVE PERMUTATION GROUPS 53

We have already seen that for 0 € A < H,,

p(9)?') = p(o(g))  forallgeG,

SO ( is surjective.
Now
ker ¢ = Ch,, (p(G)).
Let
C = Csym() (p(G)).

By Theorem since p(G) is regular, its centralizer C' is also regular. Hence
kerp = Ch,(p(G)) = CNH, = {1}.
Thus ¢ is injective, and therefore an isomorphism. So
H, = Aut(G).

Finally,
H = p(G) x Hy & p(G) x Aut(Q).
This proves the claim. O

Let G be a group, H < G, and K = Ng(H). Let I" be the set of right cosets of H in G. Then
G acts on I" by (Ha)Y = Hag, and we denote the associated permutation representation by p.
Further, K acts on I' by (Ha)® = k™'Ha = Hk 'a. We denote the associated permutation
representation of K on I' by A.

Lemma 5.6 (Lemma 4.2A in Dixon-Mortimer). Let G be a group, H < G, and K = Ng(H).
Let T be the set of right cosets of H in G, and let p and A be as defined above. Then:

1. Ker(\) = H and \(K) is semiregular on I.
2. Coym(r)(p(G)) = MK).

Proof. 1. We first show that Ker(\) = H. Now k € Ker()\) if and only if k~'Ha = Ha for
all Ha € T. This holds if and only if k~! € H.

To show that A\(K) acts semiregularly, assume k~'Ha = Ha. This is again equivalent to
k! € H, that is, to k € Ker()).

2. First we show that A\(K) < Cgymr)(p(G)). Let A(k) € A(K). Then
(Ha)P@OM®) = (Hag)*®) = k=Y (Hag) = (k"'Ha)g = (Ha)*#r).

Hence p(g)A(k) = A(k)p(g), so A(K) < Csym(r)(p(G))-
Now let z € Cgym(r)(p(G)). Choose b € G such that H* = Hb. Then for all Ha € T,
(Ha)* = HP@* = H*(%) = Hba,

Thus for all « € H we have Hb = Hba, so b € Ng(H) = K. Since (Ha)* = Hba = bHa,
it follows that 2 = A(b™'). Therefore Csyp ) (p(G)) < A(K).
O
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Theorem 5.7 (See also Lemma 4.2.4(iv) in Dixon-Mortimer). Let G be a group, let H < G,
and let K = Ng(H). Let T' be the set of right cosets of H in G, and let p and X be as defined
above. Then:

1.

2.

HME) — ge(K)

If N(K) is transitive, then K = G and A\(G) and p(G) are conjugate in Sym(I").

Proof. 1. The orbit HP5) is the set of right cosets of H in K. But this is also the orbit

2.

HME),
If \(K)) is transitive, then by (1),
I = gANE) — grK)

Thus for every coset Ha there exists k € K with Hk = H?*) = Ha. Hence a € HK < K
for all @ € G, so K = G. By definition of K, it follows that H < G.

Define t € Sym(I") by
(Ha)' := Ha™".

Since H < G, this is well-defined. Also t? =1, so t~! = t. We claim that
=X\ (g)t = p(g) for all g € G.
Indeed,
(Ha)" M9 = (Ha 'O = (7' Ha™")! = (Hg™'a™")" = Hag = (Ha)""9).

Therefore A(G) and p(G) are conjugate in Sym(I").
O

Corollary 5.8. Let G be a group, and let p and A be the right and left regular actions of G on
itself. Then:

3. MG) and p(G) are conjugate in Sym(G).

4.

MG) N p(G) = Z(G).

Proof. 1. For (1), choose H = {1} in ?7.

2.
3.
4.

Similarly to (1).

This follows from Theorem [5.7(2).

Let z € A(G) N p(G). Then there exist g,h € G with z = A(g) = p(h). For a € G we have
ah = a’™ = ¢* = ¢*9) = g7 1q.

In particular, taking a = 1 gives h = g~1, and hence h € Z(G). Conversely, if z € Z(G),
then p(z) = A(z71), and so z € p(G) N A(G).
O
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Let G be a permutation group on a set €2, and let N be a regular normal subgroup of G.
The next theorem shows, together with Theorem that the action of a permutation group
G on () is similar to the action of a subgroup of Hol(N) on N. In other words, we can embed
G into the holomorph of the regular normal subgroup.

Theorem 5.9. Let G be a permutation group on §2, and let N < G be a reqular normal subgroup.
Let « € Q. Then G = NGo, NN Gq = {1}, and G, is isomorphic to a subgroup of Aut(N).
In particular, Q may be identified with N in such a way that:

1. 1 s identified with o

2. N acts on Q by right multiplication;

3. Gy acts on Q by conjugation;

4. this induces an action of G on N similar to the action of G on 2.

Proof. 1. Since N is transitive, Q = V. Define ¢: Q — N by " — n for n € N. This map
is well defined, since N, = 1. Under this identification, 1 corresponds to a.

2. Thus the actions of IV on 2 and of N on itself by right multiplication are similar, because
forall z € N and all w = a™ € Q,

3. Now we show that the action of G, on (2 is similar to the action of G, on N by conjugation.
Let g € G, and B = a™ € (). Since a = 049_1, we have

Y(B7) = p(a™) = d(a? ") = g 'ng.
Hence 9(5) = n and (57) = g~ 'ng = ¥(B)’.
Since N is transitive, G = NG, and since N is regular, N NG, = 1.

4. Finally, define an action of G on N as follows. Each g € G has a unique expression g = mh
with m € N and h € G,. Set
n? := h™nmbh.

Then the action of GG on € is similar to the action of G on N, because for g = mh,

P((@")?) = p(a"?) = (o) = B nmh = ™ = Yo",

Remark 5.10. If Q is finite and G is transitive on Q, then a® = Fixq(Gy).

Proof. One always has a® C Fixq(Gy), since a® = a9¢ = a° for g € G,. If Q is finite and

w € Fixq(G,), then G, < G,. Since G is transitive, G, = G,,, and hence by Theorem 5.1
C

wEa~. ]

The next theorem shows that the centralizer can be found as a section in G. This proof is
also due to Cheryl Praeger.
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Theorem 5.11. Let G be a transitive permutation group on a finite set §, let C = Cgym0)(G),
let « € Q, and let N = Ng(Gq). Then

C = N/G,.

Moreover, N and C act on

aC = {5 | Ga = Gﬁ})
and both actions are similar to the reqular action of N/G, on itself by right multiplication.

Proof. TODO O

5.2 The socle

We follow Dixon—Mortimer.

Definition 5.12. Let G be a non-trivial group. A normal subgroup N < G is called a minimal
normal subgroup if N # 1 and, whenever

1#4M <G with M <N,

it follows that M = N.
The socle soc(G) of G is the subgroup generated by all proper minimal normal subgroups
of GG, or 1 if G has no minimal normal subgroups.

Theorem 5.13 (Theorem 4.3A in Dixon-Mortimer). Let G be a finite, non-trivial group.

1. Let K be a minimal normal subgroup of G, and let L be any normal subgroup of G. Then
either K < L or
(K,L) =K x L.

2. There exist minimal normal subgroups K1, ..., K, of G such that

soc(G) = K1 X -+ X Kp,.

3. Every minimal normal subgroup K < G is a direct product
K=1T X---XTk,
where each T; < K is simple, and all T; are conjugate under G.

4. If the groups K; in (2) are all non-abelian, then K, ..., Ky, are the only minimal normal
subgroups of G.

5. If the groups T; in (3) are all non-abelian, then T, ..., Ty are the only minimal normal
subgroups of K.

Proof. 1. Since K N L < G and K is minimal, either KN L = K or K N L = 1. In the first
case K < L, and in the second case

(K,L) = K x L,

since the intersection is trivial and both K and L are normal.
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2. Since G is finite, we may choose a subset M of the set of all minimal normal subgroups
of G, maximal with the property that the subgroup S generated by the members of M is
their direct product. We show that S contains every minimal normal subgroup of G.

Clearly S < G, since it is generated by normal subgroups. Let K be a minimal normal
subgroup of G. By (1), either K < S or S x K is a normal subgroup of G. The latter is
impossible by the maximality of M. Hence K < S. Therefore S = soc(G).

3. Let T be a minimal normal subgroup of K. Then for each g € GG, the conjugate TY9 < K
is again a minimal normal subgroup of K. Choose a subset £ C T¢ of pairwise G-
conjugate minimal normal subgroups of K, maximal with the property that the subgroup
L generated by the members of £ is their direct product.

We show that £ contains all G-conjugates of T'. Let T be such a conjugate. By (1), either
T9 < L or TY9 x L is a normal subgroup of K. The latter is impossible by the maximality
of L. Thus TY9 < L. Hence L contains all G-conjugates of T', so in particular L < G.

Since 1 # L < K and K is a minimal normal subgroup of G, it follows that K = L. Thus
K is a direct product of the G-conjugates in L.

Finally, for each T; € L, every normal subgroup of T; is also normal in K, because the
other factors T; with j # i commute with 7;. Since T; is minimal normal in K, it follows
that T; is simple.

O

Corollary 5.14. Every minimal normal subgroup N of a finite group G is either an elementary
abelian p-group for some prime p, or Z(N) = 1.

Proof. Let N be a minimal normal subgroup of G. Since Z(N) is a characteristic subgroup of
N, it is also normal in G. Hence

Z(N)=N or Z(N)=1.

Suppose that Z(N) = N. Then N is abelian. By Theorem 3), N is a direct product
of isomorphic simple groups. Since N is abelian, these simple groups must be cyclic of prime

order. Therefore IV is an elementary abelian p-group for some prime p. O
Lemma 5.15. Let T1,...,T,, be non-abelian simple groups. Let H be a group with pairwise
distinct normal subgroups K1, ..., K., such that

H/K; =T, for1<i<m

and

Then
HXT % x T

Proof. We argue by induction on m. For m = 1, we have K1 = 1, so

H=H/K ~T.
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Now let m > 1, and set
Ki:mKi7 H:=H/K, K =K/K (1<i<m-1).

Then
O/K;= (H/K)/(Ki/K) = H/K; =T,

and
m—1
(N Ei=1
i=1
Hence by induction,
H2T) % xTp1.

In particular, by the following lemma, H has only m —1 maximal normal subgroups, whereas
H has m,so H % H. Thus K # 1.
By assumption,
KNK,,=1.

Since H/K,, = T,, is simple, K,, is maximal normal in H, and therefore

H=KK, =K x K,

Moreover,
K~H/K, =T,
and B B
Kp,H/K2HX>T) x - xXTp_1.
Thus

Lemma 5.16. Let
G=T x - xTy,

where the T; are non-abelian simple groups. Then the T; are the only minimal normal subgroups
of G, and G has exactly m mazximal normal subgroups, namely

Cea(Ty) fori=1,...,m.

5.2.1 Socles of primitive groups

The results obtained so far about socles were for general groups. We now apply them to
primitive groups and obtain very strong consequences. Let G < Sym(€2) be a primitive group.
By Theorem 2.18, if H < G, then H is transitive. In particular, every non-trivial normal
subgroup of G is transitive.

The next theorem shows that the socle of a finite primitive group is either regular and
elementary abelian, itself a non-abelian minimal normal subgroup, regular or non-regular, or
regular, non-abelian, and a direct product of two minimal normal subgroups. It is therefore
natural to distinguish the cases where the socle is regular and where the socle is non-regular.
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Theorem 5.17 (Theorem 4.3B [2]). Let G < Sym(f2) be a finite primitive group, and let K < G
be a minimal normal subgroup. Then exactly one of the following holds:

1. There exist a prime p and d € N such that K is a regular elementary abelian group of
order p®, and
soc(G) = K = Cg(K).

2. K is a regular non-abelian group, Cq(K) is also a minimal normal subgroup of G, and

soc(G) = K x Cg(K).

3. K is non-abelian, Cq(K) =1, and

soc(G) = K.

Proof. Homework Set C' = Cg(K). We first show that C < G. Let g € G and z € Cg(K).
Then for £ € K we have

k2! = kg l2g =g (gkg )zg =g K29 =g 2k'g = g7 2gkg T g = 2%k,
and hence 29 € Cq(K).

Now by Theorem 1) every minimal normal subgroup L of G distinct from K is contained
in C, since then L commutes with K. Therefore soc(G) = KC, and hence soc(G) is either K
or K x C, according as K < C or not.

By Theorem 2.18, every normal subgroup of G is either 1 or transitive. In particular, K is
transitive, and either C' =1 or C' is transitive.

If C'is transitive, then in particular C' < Cgyp(q)(K) is transitive. Hence by Theorem (1),
K is semiregular. Since K is transitive, it follows that K is regular. Now C' is isomorphic to
Csym(0) (i) and conjugate to K in Sym(€2). Moreover, C' must be a minimal normal subgroup of
G, since every proper subgroup of C is not transitive. Since every non-trivial normal subgroup
of a regular group is not transitive, whereas every normal subgroup of G is transitive, it follows
that C has no non-trivial normal subgroups and hence is minimal normal.

If C = K, then K is abelian, and by Theorem we are in case (1).

If soc(G) = K x C, then we are in case (2).

If C =1, then we are in case (3). O

Note that the proof of the previous theorem shows that in case (1) or (3) the socle soc(G)
is the unique minimal normal subgroup of G. In case (2), Theorem 4.13(4) implies that K and
C are the only minimal normal subgroups of G, that is, G has exactly two minimal normal
subgroups.

The following corollary shows that for a finite primitive group with socle H, the normalizer
of H in Sym(Q2) plays an important role, since it contains H as a minimal normal subgroup,
and this is even the unique minimal normal subgroup if H is non-regular.

Corollary 5.18 (Corollary 4.3B [2]). Let G be a finite primitive group on 2, let H = soc(G),
and let N = Ngymq)(H). Then:

1. H is a direct product of isomorphic simple groups.

2. H is a minimal normal subgroup of N.
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3. If H is non-reqular, then H 1is the unique minimal normal subgroup of N.
Proof. Homework.

1. We consider the cases of Theorem [5.17] In case (1) the statement is immediate. In cases
(2) and (3) it follows from Theorem [5.13(3).

2. We have G < N, since H < G. As G is primitive, so is NV, and H < N. In cases (1) and
(3), H = K is a minimal normal subgroup of G, and hence also of N.

In case (2), let C = Cg(K). Then C is conjugate in Sym(f2) to K, so C = t~ 'Kt for
some ¢t € Sym(f2). Hence t~ 'Kt centralizes K, and therefore t 'Ct = t"2Kt?> < K, since
t~ 1Kt = C centralizes K. Indeed,

2kt Tt = T ROE = R (R = ¢ R 2 R

Comparing orders, we get t~1Ct = K. Thus conjugation by ¢ interchanges K and C, so
C is also a minimal normal subgroup of N.

3. If H is non-regular, then by Theorem we are in case (3). Hence H = K is the unique
minimal normal subgroup of G, and therefore also of V.

O]

Summary

Let G be a finite primitive permutation group acting on €, let H = soc(G), let N = Ngym, () (H),
and let K be a minimal normal subgroup of G. Then

H=T x - xTp,,

where the T; are simple, pairwise isomorphic, and satisfy 7; < H, and exactly one of the
following holds:

e soc(G) = K is a regular minimal normal subgroup of G, and

soc(G) = Cg(K) = Zg.

e soc(G) = K x Cg(K) for a regular, non-abelian minimal normal subgroup K of G, similar
to the minimal normal subgroup Cg(K).

e soc(G) = K is a non-abelian minimal normal subgroup of G and Cg(K) = 1. If K is
non-regular, then K is the unique minimal normal subgroup of V.
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