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Chapter 1

Introduction

Group representation theory studies groups by letting them act on vector spaces via linear maps, thereby
representing abstract group elements as concrete invertible matrices. This allows the full power of linear
algebra to be brought to bear on group-theoretic problems. The present chapter introduces the two key
notions: group actions on sets, and linear representations as group actions on vector spaces.

1.1 Group Actions

The Erlangen programme, introduced by Felix Klein in 1872, proposes that groups do not exist in the
void—they are meant to move the points of spaces. We obtain a much clearer understanding of a group
by specifying what it acts on.

Example 1.1. « The linear group GL, (R) (n € N) moves the points of the vector space R”
by matrix multiplication.

« The symmetric group S,, (n € N) permutes the elements of the set {1,2,...,n}.

« The cyclic group C,, = Z/nZ (n € N) can be thought of as the group of rotations of the
plane which stabilise a regular n-gon, acting on its vertices.

Definition 1.2 (Group action). Let G be a group and X be a set. An action G ~ X of Gon X is a
map
GxX—X, (g9,2)—g-uz,

satisfying
« (gh)-x=g-(h-z)forallg,h € Gand z € X,

e lg-x=czforallxz € X.
Remark 1.3. The axioms imply that for each g € G the map
pg: X — X, z+——g-x

is a bijection with inverse p,-1, since p;-1 0 p; = p1, = idx. Thus an action of G on X is
equivalently a group morphism G — Sym(X ), where Sym(X) denotes the group of all bijections
X = X.
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1.2 Linear Representations

A linear representation is a group action on a set that carries the additional structure of a vector space,
with the requirement that every group element acts by a linear map.

Definition 1.4 (Linear representation). Let K be a field and n € N. A (linear) representation of G
over K of degree n is a group morphism

p: G — GL,(K).

So a representation of G is an action of G on a set which is a vector space, such that every g € G
acts by a linear transformation. The elements of G are thereby represented by invertible matrices.

Example 1.5. « GL,(R) ~ R" is actually a representation of GL,,(R): the identity map
GL,(R) — GL,(R) is a group morphism of degree n over R.

+ The map

Cc* — GLy(R), a+ bir— <Z _ab>

is a representation of C* of degree 2 over R.

« For any field K, the map

(K,+) — GLy(K), = — <(1) f)

is a representation of the additive group (K, +) of degree 2 over K.

« The trivial representation: the constant map G — GL;(K) = K*, g — 1, is a degree-1
representation of any G over any field K, denoted 1. (More generally, g — I,, is a degree-n
representation, but “trivial” will henceforth always mean the case n = 1.)

Coordinate-free formulation

It is often convenient to work with a vector space V' without fixing a basis.
Definition 1.6. Alternatively, a representation of GG over K is a group morphism
p: G — GL(V),

where V is a K-vector space and GL (V') denotes the group of K-linear automorphisms of V. The
degree (or dimension) of the representation is dimg V.

By choosing a basis of V' we obtain an isomorphism GL(V') >~ GLgim v (K), recovering the matrix
formulation. The two definitions are therefore equivalent.

Notation 1.7. Instead of p(g)(v) we often write p,(v), or simply gv when p is clear from context.

1.3 Permutation Representations

Every group action on a set gives rise to a linear representation in a canonical way:.
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Definition 1.8 (Permutation representation). Let G ™~ X be a group action. Define the K-vector

space
A €K }

with formal basis {e; | € X} indexed by X. The formula

finite
K[X] = { > Aeen

zeX

g-€;:=¢€gz, gEG, r€X,
extended linearly to all of K[X], defines a representation
p: G — GL(K[X]).

This is called the permutation representation attached to G ~ X. Its degree is #.X.

Example 1.9. Let G = S5 act on X = {1, 2, 3} in the natural way. For 0 = (12 3) and 7 = (1 2)
in G, we have
0 0 1 01 0
ple)=11 0 0], p(t)=11 0 O
010 0 0 1

Indeed, o sends e1 > eg, e3 — €3, e3 — e1, giving the first matrix (columns are images of basis
vectors).

Definition 1.10 (Regular representation). In the special case where X = G with G acting on itself
by left multiplication g-x := gz, the corresponding permutation representation p: G — GL(K[G])
is called the regular representation of G over K.

The regular representation has degree #G and plays a central role in the theory: it contains every
irreducible representation as a subrepresentation (a fact we will establish later).
1.4 Morphisms of Representations

Just as one studies groups via group homomorphisms, one studies representations via structure-
preserving maps between them.

Equivalent representations

Let p: G — GL(V') be a representation of degree n over K. Picking a basis B; of V' yields a matrix
representation p1: G — GL,(K); picking a different basis B yields p2: G — GL,(K). If P €
GL,,(K) is the change-of-basis matrix from B; to Ba, then

pa(g) = P~ 'pi(g)P forallg € G.
Two representations related in this way are considered the same.

Example 1.11. Label the vertices of an equilateral triangle by 1, 2, 3. The symmetry group Ss3 acts
on the triangle, giving a representation p: S3 — GL(R?): for o = (12 3) and 7 = (1 2), p(0) is a
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rotation by 27/3 and p(7) is a reflection. With respect to the standard basis of R?:

pisioL®, a0 = (e ) am= (5 Y).

With a better-adapted basis one obtains the equivalent representation
—1 -1 —1 -1
p2: S3 = GL2(R), PQ(U)—(l O>’ Pz(T)—<0 1>-

Definition 1.12 (Morphism of representations). Let G be a group, K a field, and p;: G — GL(V}),
p2: G — GL(V4) two representations of G over K. A morphism from p; to ps is a K-linear map
T: Vi — Vs such that

T(p1(9)(v)) = p2(9)(T(v)) forallg € G, ve W,

or equivalently, using the shorthand gv,

T(gv) = gT(v).
In other words, the diagram

v, (9) "

7| |r

Va p2—(g)> Va

commutes for every g € G. An isomorphism of representations is a bijective morphism; isomorphic
representations are also called equivalent.

Notation 1.13. The set of all morphisms from p; to p is a K-vector space denoted Hom¢ (V1, V2),
and is also called the space of G-linear or G-equivariant maps. When V; = V5, = V, we write
Endg (V) := Homg(V, V), which is a K -algebra under composition.

1.5 New Representations from Old

Definition 1.14 (Trivial representation). Let G be a group and K a field. Viewing V = K as a
one-dimensional vector space over itself, the trivial representation is the morphism

1: G — GL(V), g¢g~—idy.

Every g € G acts as the identity.

Definition 1.15 (Direct sum). Let V and W be representations of G over K. Their direct sum
V@& W ~V x W is again a representation of G, via

g(v,w) = (gv,gw) (g€ G, veV, weW).
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Definition 1.16 (Hom-representation and dual). Let V and W be representations of G over K.
The space Hom(V, W) of K -linear maps from V' to W becomes a representation of G by

(gT)(v) = g(T(g_lv)) (g e G, T € Hom(V,W), v e V).

The special case V' = W gives End(V) = Hom(V, V). The special case W = 1 gives the dual
representation V'V = Hom(V, 1), with G-action

(g0)(v) =L(g7v) (g€G, LecVV, veV).

Remark 1.17. A linear map 7' € Hom(V, W) is G-invariant (i.e. fixed by the G-action on
Hom(V, W)) if and only if T'(gv) = ¢T'(v) for all g € G, ie. if and only if T" is a morphism
of representations. Thus

Hom(V, W)€ = Homg(V, W).

Definition 1.18 (Tensor product of vector spaces). Let V and W be vector spaces over K. Their
tensor product V @ W is the K-vector space generated by symbols v ® w (v € V, w € W) subject
to the relations

w+v)@w=v®w+v ®w,
v (w+w)=vew+veuw,
(kv) @ w =v ® (kw) = k(v ®w),

forallv,v' € V, w,w’ € W, k € K. Concretely, if vy, ..., v, is a basis of V and wy, . .., w,, is a
basis of W, then the nm symbols v; ® w; form a basis of V@ W, so dim(V @ W) = dim V -dim .
A general element is a finite sum ) |, 93, ® Wy, (not necessarily a pure tensor). Tensor product is
associative and distributes over direct sums: (U@ V)@W ~U ® (V@ W)and (U V)@ W ~
UW)a (Ve Ww).

Definition 1.19 (Tensor product representation). Let V' and W be representations of G over K.
The vector space V' ® W becomes a representation of G via

gvew)=(gv)®(gw) (9€G, veV, weW),

extended linearly to all of V' ® W. The associativity and distributivity of Definition 1.18 carry over
to G-representations.

Remark 1.20 (Kronecker product). If g acts on V' by the n x n matrix A = (a;;) inabasis vy, ..., vp,
and on W by the m x m matrix B = (by;) in wy, . .., Wy, then g acts on V' ® W by the Kronecker
product
auB 0co alnB
A®B = : ; € Mum(K),

anlB annB

with respect to the basis v1 ® wy, ..., V1 @ Wy, ...,V @ W1, ..., Vy @ Wiy
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Proposition 1.21. For representations V and W of G there is a natural isomorphism of G-
representations

VoW ~ Hom(VY,W).

Proof. The linear isomorphism ¢: V @ W = Hom(VY, W), v ® w + (£ — £(v)w), intertwines
the G-actions: ¢(g(v ® w)) = ¢(gv ® gw) is the map ¢ — £(gv) gw, and (g - ¢(v ® w))(¢¥) =
ge(v@w)(g~H0) = g (((gv) w) = L(gv) gw. O

1.6 Irreducibility and Indecomposability

Definition 1.22 (Subrepresentation). Let V' be a representation of G. A subrepresentation of V is a
subspace W C V that is stable under G: gw € W forallg € G andw € W.

Example 1.23. The subspace
Vl={veV|gv=uvforallgc G}

is a subrepresentation of V, called the space of G-invariants. It is isomorphic to a direct sum of
copies of the trivial representation 1. Note also that V¢ = Homg(1, V).

Definition 1.24 (Irreducible representation). A representation V is irreducible (or simple) if V' #
{0} and its only subrepresentations are {0} and V itself.

Example 1.25. Consider again G = S3 ~ X = {1,2,3} and the permutation representation
V = K[X]. The vector v = e; + ez + e3 is fixed by every g € G, so W = span{e; + ez +e3} isa
nontrivial subrepresentation isomorphic to 1. Hence V' is not irreducible.

Definition 1.26 (Indecomposable representation). A representation V' is indecomposableif V' # {0}
and it is not isomorphic to a direct sum V; & Vs with Vi, V5 = {0}.

Every irreducible representation is indecomposable: if V' = V; & V5 with both V; subrepresentations,
then V] is a subrepresentation of V, so by irreducibility V; € {{0}, V'}, and correspondingly V5> €
{V,{0}} — so one of V7, V5 is zero. The converse fails in general, as the next example shows.

Example 1.27. Take G = (K, +) with the representation p: G — GLa(K), x — g.l x>
from Example 1.5. The subspace spanned by the first standard basis vector e; is stable, giving’a
subrepresentation isomorphic to 1, so p is reducible. However, p is indecomposable: span{e; } has
no G-stable complement in K2. Indeed, any complement would be one-dimensional, spanned
by some u = (a,b) " with b # 0. For each 2 € K stability requires p(z)u = uu for some scalar
u € K; reading the second component gives p = 1, and the first component then yields a +zb = a,
ie.zb = 0forall z € K. Since b # 0 and K contains a non-zero element, this is impossible.

Effect on matrices

Let p: G — GL,,(K) be a representation. In terms of matrices:

« pis reducible if and only if the e exi ts P € GL,(K) such that all matrices P~!p(g) P are upper
block-triangular of the form <O >
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« pis decomposable if and onl >I<if tB re exists P € GL,,(K) such that all matrices P~!p(g)P are
block-diagonal of the form ( 0 j

Example 1.28. Return once more to the permutation representation V = K[X] of G = S5
X = {1,2,3}. We have seen that W = span{e; + ez + e3} =~ 1 is a subrepresentation. Consider
its candidate complement

W/:{Z)\xeer

zeX

Zszo}.

zeX

One checks that W’ is also a subrepresentation. If 3 # 0 in K,then V = W & W' and V is
decomposable. But if K = Z /37, thene; +e2 +e3 € W/ (since1+1+1=0in K),so W Cc W’
and the decomposition fails; in this case V' is indecomposable.

1.7 Exercises

Exercise 1.29 (Subrepresentations of degree 1). Let G be a group, K a field, and p: G — GL(V) a
representation over K.

1. Show that if deg p = 1 then p is irreducible and indecomposable.

2. Let W = Kv C V be a one-dimensional subspace (0 # v € V). Show that W is a subrepresenta-
tion if and only if v is a common eigenvector of all p(g), g € G.

3. Suppose K = C, G is abelian, and 0 < dim V' < oo. Prove that V' contains a subrepresentation
of degree 1.

Hint: show that if T, U : V' — V commute then each eigenspace of ' is stable under U ; then induct
ondim V.

(Solution)

Exercise 1.30 (The dihedral group Dg). Let G' = Dg be the symmetry group of a square in R?: it has 8
elements, namely the identity, rotations 7,72, 73 (with r* = id), and reflections s, s’ ,’. This gives a
natural representation p: Dg — GL(R?) of degree 2.

1. Write down the matrix of each p(g) with respect to a convenient basis (specify it).
2. Deduce that p is faithful.
3. Using Exercise 1.29, prove that p is irreducible over R.

4. Viewing p as a representation pc over C (same matrices, now complex), determine whether pc is
irreducible.

(Solution)

Exercise 1.31 (G-linear maps form a subspace). Let p1: G — GL(V4) and p2: G — GL(V3) be
representations over a field K. Prove that Homg(V1, V2) is a subspace of Hom(V7, V3). (Solution)
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Exercise 1.32 (Decomposition over R). Over K = R and G = 53, consider the permutation represen-
tation Perm: S3 — GL3(R) induced by S5 ~ {1, 2, 3}, and the representation

A: 83— GLy(R), (123)F>(_11 _01> (12)!—)(3 _11)

obtained by labelling the vertices of an equilateral triangle.
1. Prove that A is irreducible. Is it indecomposable?
2. Prove that Perm o~ 1 @& A as representations of .Ss.
(Solution)

Exercise 1.33 (Decomposition over Z/pZ). Redo Exercise 1.32 with K = Z/pZ (p prime) in place of R:
is A still irreducible? Is it indecomposable? Does Perm ~ 1 & A still hold? The answers may depend
on p; treat all cases. (Solution)



Chapter 2

The Module Point of View

The language of modules over a ring provides a unified framework that subsumes both the theory
of vector spaces and the theory of group representations. Recasting representations as modules over
the group ring reveals structural properties — subrepresentations, morphisms, semi-simplicity — as
instances of general module-theoretic phenomena, and leads directly to the fundamental theorem of
this chapter: Maschke’s theorem.

2.1 Modules over a Ring

Definition 2.1 (Module, morphism of modules). Let R be a ring. An R-module is a set M equipped
with two operations

MxM— M, (m,n)—m+n, Rx M — M, (A\m)— Am,
such that (M, +) is an abelian group, and for all A\, u € R and m,n € M:
A(pm) = (Aw)m,  Im=m, (A+p)m = (Am)+ (um), A(m+n)= (Am)+ (An).
A morphism f: M — N of R-modules is an R-linear map, meaning
f(m+m) = f(m)+ f(m)) and  f(m) = Af(m)

for allm,m’ € M and \ € R.

Example 2.2. o If Ris afield, then an R-module is exactly an R-vector space, and a morphism
of R-modules is exactly a linear map.

« For any ring R and n € N, the set R" = {(z1,...,%,) | ; € R} is an R-module under
componentwise addition and scalar multiplication.

+ A Z-module is exactly an abelian group: the scalar multiplication is given by ng = g+---+g¢g
(n times) for n € Z, g € G, and a morphism of Z-modules is exactly a group homomorphism.

Notation 2.3. Let R be a ring. Given two R-modules M and N, the set of morphisms from M to N is
denoted Homp (M, N); it is an abelian group under pointwise addition. In the case M = N we write
Endgr(M) := Homp(M, M), which is in fact a ring under composition. If R is a field and M is an
R-vector space of dimension n, then Endg(M) ~ M,,(R), the ring of n X n matrices over R.

9
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Definition 2.4 (Submodule). Let M be an R-module. A submodule of M is a nonempty subset
N C M that is closed under addition and under multiplication by R.

Example 2.5. Viewing R as an R-module over itself, its submodules are precisely its ideals.

Proposition 2.6. Let f: M — N be a morphism of R-modules. Then Ker f is a submodule of M,
and Im f is a submodule of N.

Proof. Ker f is non-empty since f(0) = 0. For m,m’ € Ker f and A € R, f(m +m/) = f(m) +

f(m’) =0and f(Am) = Af(m) =0, so Ker f is closed under addition and scalar multiplication.
Im f is non-empty since 0 = f(0) € Im f. Forn = f(m)andn’ = f(m')inIm f and A\ € R:

n+n' = f(m+m') €lmfand \n = f(Am) € Im f. O

Definition 2.7 (Direct sum). Let M be an R-module and (M;);cs a collection of submodules.
We say that M = @), ; M; if every element m € M can be expressed as m = Zﬁg}te m; with

(2
m; € M; in a unique way.
Example 2.8. The polynomial ring R[z] = €P,,>, Rz" as an R-module.
Remark 2.9. For two submodules, M = M; & M if and only if every m € M is uniquely of the

form m = m; + mg with m; € M; and my € Ms, which is equivalent to M; + M; = M and
My N My = {0}. Indeed, if m; + mg = m) + mb, then m}| — my = ma — mb € My N M.

2.2 Representations as Modules
The group ring

Definition 2.10 (Group ring). Let K be a field and G a group. Recall that

finite
K[G=4 > Meg| N €Ky =D Ke,
geG geG

is the K -vector space with basis {e4}4c. When X = G is a group, K[G] becomes a ring — the
group ring of G over K — under the multiplication rule e, - ej, := ey}, extended bilinearly:

Z)‘geg Z#geg :Z Z Agihigs | €g-

geG geG geG \ g1,92€G
g192=g

Remark 2.11. The ring K[G] is commutative if and only if G is abelian. It contains a copy of K as
the subring {Xej, | A € K}.

K[G]-modules and representations

The key observation is that K[G]-modules are exactly representations of G over K.
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More precisely, let M be a K[G]-module. Then M is a K-vector space via Am := (\ej,)m for
A € K, m € M. The representation is then

p: G — GL(M), g~ (m—eg-m).

Conversely, given a K-vector space V' and a representation p: G — GL(V), we make V into a
K [G]-module by

Zx\geg v::Z)\gp(g)(v) (AgeK,veV).

geG geG

These two constructions are inverse to each other. Under this correspondence:
« sub- K [G]-modules = subrepresentations,
+ K[G]-module morphisms = morphisms of representations.

In particular, if f: V' — W is a morphism of representations of GG, then Ker f C V and Im f C W are
subrepresentations. Moreover, irreducible representations correspond to simple K[G]-modules, and
indecomposable representations to indecomposable K [G]-modules.

Definition 2.12 (Simple and indecomposable modules). Let R be a ring and M an R-module.
« M is simple if M # {0} and its only submodules are {0} and M.

« M is indecomposable if it cannot be expressed non-trivially as M =

M; # {0},

ser M; with all

2.3 Semi-simplicity
Definition 2.13 (Semi-simple module). Let R be a ring. An R-module M is semi-simple if it can

be decomposed as
M= M,
el
with each M; a simple R-submodule. Since the M; are simple, this is a “complete decomposition”.

A representation is semi-simple if and only if the corresponding K [G]-module is semi-simple, i.e.,
it is completely decomposable into irreducibles.

Definition 2.14 (Supplement). Let R be a ring, M an R-module, and N C M a submodule. A
supplement to N is a submodule N’ C M such that M = N @& N'.

Remark 2.15. In general, a supplement need not exist. For example, take R = Z, M = Z, N = 2Z.
IfZ = 27 @ N/, then for any n’ € N’ we have 2n’ € N’ N 2Z = {0}, so N’ = {0}, but then
22 & {0} # Z.

Theorem 2.16. Let R be a ring and M an R-module. Assume there is no infinite strictly descending
chain M 2 My 2 My 2 My 2D --- of submodules. Then

M is semi-simple <> every submodule of M has a supplement.
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Proof. («<): If M is simple, there is nothing to prove. Otherwise let {0} C N C M be a proper nonzero
submodule; by hypothesis it has a supplement N/, so M = N & N’. We now iterate the argument
on N and on N’ separately. (The hypothesis transfers: if P C N is a submodule, then P C M has a
supplement P’ in M, and one checks that N = P @ (P’ N N), so P’ N N is a supplement of P inside
N. The DCC restricts to NV as well.) The process terminates, since at each step the submodules strictly
decrease, and by assumption there is no infinite descending chain.

(=): Write M = @, ; M; with each M; simple. The index set I must be finite, else we would have
an infinite strictly descending chain. Let N C M be any submodule. Let J C I be a maximal subset
such that M’ := N & @, ; M; is a direct sum. We claim M’ = M, so that @), ; M; is a supplement
to N. Indeed, if M; ¢ M’ for some i € I, then since M; is simple we have M’ N M; = {0}, so we
could add ¢ to J and still have a direct sum, contradicting maximality. O

2.4 Maschke’s Theorem

We first recall a convenient characterisation of direct sum decompositions in terms of projections.

Theorem 2.17 (Projections). Let K be a field and V' a K -vector space. If V = V; @ V5, the projection
onto V) parallel to V5 is the map

m: V=V, v+ vy 0.

It is linear and satisfies Imm = V1, Ker m = Va, and m® = w. Conversely, if 7 € Endg (V) satisfies
w2 =, thenV = Im7 & Ker m, and 7 is the projection onto Im 7 parallel to Ker 7.

Proof. The forward direction is routine. For the converse, suppose 72 = . For any v € V, write

v =7(v) + (v —7(v)). Clearly 7(v) € Im, and 7(v — 7(v)) = 7(v) — 7%(v) = 7(v) — w(v) = 0, so
v—7(v) € Kerm. Thus V = Im7 + Ker7. If v € Im7 N Ker «, write v = m(w); then v = 7(w) =
72(w) = m(n(w)) = 7(v) = 0. So Im7 N Kerm = {0} and V = Im7 @ Ker 7. Finally, 7 acts as
the identity on Im 7 (just shown) and as zero on Ker 7, so it is the projection onto Im 7 parallel to
Ker. O

Theorem 2.18 (Maschke). Let K be a field and G a finite group of ordern = #G. Ifn # 0 in K
(i.e. char K { n), then every representation of G over K is semi-simple.

Example 2.19. The permutation representation V' = K[{1, 2, 3}] induced by S5 ~ {1,2,3} is
not semi-simple over K = Z/3Z, since 3 = 0 in K. The subspace W = span{e; + e3 + e3} isa
subrepresentation isomorphic to 1. We claim W has no G-stable complement. Suppose otherwise;
then there is a G-equivariant projection 7: V' — W with image W. By G-equivariance (since S3
acts transitively on {ej, ea, e3}), m(e1) = m(e2) = w(e3) = a(e1 + e2 + e3) for some « € K. For
7 to fix W we need (e + ea + e3) = e1 + e + e3, i.e. 3a(e; + e2 + €3) = e + e2 + e3. But
3a = 0 in K for any «, contradicting 1 # 0. This shows the hypothesis n # 0 in K is necessary.

Remark 2.20. The decomposition is in general not unique. For example, if V' has degree n > 2 and
G acts trivially, then V ~ 1 & - -- @ 1 (n copies), but the splitting into lines depends on the choice
of basis.

Proof of Theorem 2.18. By Theorem 2.16, it suffices to show that every subrepresentation has a sup-
plement. Since dim V' < oo, there are no infinite descending chains of subrepresentations, so the
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hypothesis of Theorem 2.16 is satisfied.

Let V1 C V be a subrepresentation. As K-vector spaces (ignoring the G-action), we can write
V = V1 @ V; for some subspace V5; this need not be G-stable. Let 7: V' — V' be the projection onto V;
parallel to V5 (which exists by Theorem 2.17). Define the Reynolds operator

1
HIV—>V, UH%gzegzgﬂ'(g_l’U).

This is well-defined since #G # 0 in K. We verify three properties.

ImII C V; and Il|y; = idy,. Since V] is a subrepresentation, g~ 'v € V; whenever v € Vi, so
7(g ') = g~ ', hence gn(g~'v) = v, giving II(v) = v. For general v, each term gm(g~'v) lies in
gVi = V1, soII(v) € V1. Thus ImIT = V; and I1? = I1.

IT is @ morphism of representations. For any h € G andv € V:

GZhgﬂg L) = #GZhgw (hg)~! (hv)) = ngﬂ' (hv)) = (hv),

geG e geq@

1

where the last step uses that g — hg is a bijection G — G.
Conclusion. By Theorem 2.17, I1> = II implies V = ImII @ KerIT = V; @ KerII. Since I is a
morphism of representations, Ker II is a subrepresentation, and it is a supplement to V;. O

2.5 Exercises

Exercise 2.21 (Quotient modules). Let R be a ring, M an R-module, and N C M a submodule. Since
N is a normal subgroup of the abelian group (M, +), the quotient group M /N = {m+ N |m € M}
is well-defined, and comes with a surjective projection 7: M — M /N, m — m + N, whose kernel is
N.

1. Prove that M/N is an R-module, by showing that the scalar multiplication
Rx M/N — M/N, (A\,m+N)r— (Am)+ N
is well-defined (and checking the module axioms).

2. (Isomorphism theorem for modules.) Prove that any module morphism f: M — M’ induces a
module isomorphism M/ Ker f ~ Im f.

(Solution)

Exercise 2.22 (Submodules and short exact sequences). In this exercise all modules are over a fixed
ring R. We write 0 for the zero module {0} and also for the zero morphism between any two modules.
Define an exact sequence as a diagram

- —> M;_1 — M; ﬁ) Mz—l—l —

where the M; are modules, the f; are module morphisms, and Im f; = Ker f;; for all 4.

1. Prove that f; 1 o f; = 0 for all .

2. Let N, M, @) be modules with morphisms f: N — M and g: M — Q. Prove that 0 LYY i> M
is exact if and only if f is injective, and that M % Q % 0is exact if and only if g is surjective.
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A short exact sequence is an exact sequence of the form 0 — N ERSVIER @ — 0. By the previous
question, f is injective and g is surjective, so Im f ~ N is a submodule of M.

3. Prove that conversely, whenever M is a module and N C M is a submodule, there exists a short
exact sequence 0 — N i> M — @ — 0 with f the identity inclusion.
Hint: Use Exercise 2.21.

4. Give a counterexample showing that the existence of a short exact sequence 0 - N — M —
@ — 0 does not in general imply M ~ N & Q.

Hint: Take R = 7 and M = 7./47.

We say a short exact sequence 0 — N ERSVEEN Q — 0 is left-split if there exists a module
morphism f': M — N with f’ o f = idy, and right-split if there exists ¢': Q — M with g o ¢’ = idg.

5. Let0 > N L v % @ — 0 be short exact. Prove that if Im f admits a supplement M’ C M,
then the sequence is both left-split and right-split.

Hint: Consider the restriction of g to M’.

6. Conversely, prove that if the sequence is left-split, then Im f admits a supplement in M.
Hint: Consider T = f o f' € End(M).

7. Similarly, prove that if the sequence is right-split, then Im f admits a supplement in M.

In conclusion, submodules correspond to short exact sequences, and a submodule admits a supple-
ment if and only if the short exact sequence is left-split, if and only if it is right-split. (Solution)

Exercise 2.23 (Preservation of semi-simplicity). In this exercise all modules are over a fixed ring R
and are Artinian (meaning there is no infinite strictly descending chain of submodules).

1. Prove that a submodule of a semi-simple module is semi-simple.

2. Prove thatif f: M — N is a module morphism and M is semi-simple, then Im f is also semi-
simple.

3. Let G be a group, K afield, and f: V — W a morphism of representations of G over K of finite
degree. Prove that if V' is semi-simple, then so are Ker f and Im f.

(Solution)

Exercise 2.24 (A non-semi-simple ring). Let K be a field and G a finite group of order n = #G. We
view the group ring K[G] as a module over itself.

1. Let ¥ =) _,eq € K[G]. Prove that e, X = X forall h € G.

geG
2. Prove that S = {AX | A € K} is a sub-K [G]-module of K[G].
3. Identify S as a representation of G.

From now on assume that n = 0 in K.

4. Prove that X2 = 0 in K[G).
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5. Deduce that 1 — AX is invertible in K[G] for all A\ € K, where 1 = e, is the multiplicative
identity of K[G].

Note: since K [G] need not be commutative, verify your inverse works on both sides.
Hint: Recall the identity (1 — z)(1 + x + -+ -+ 2™) = 1 — 2™, valid in any ring.
6. Deduce that K[G], viewed as a K [G]-module, is not semi-simple.

(Solution)



Chapter 3

Character Theory

The character of a representation is a function G — C that encodes an enormous amount of information
about the representation in a highly compressed form. In this chapter we prove Schur’s lemma, develop
the inner-product structure on class functions, and show that irreducible characters form an orthonormal
set that completely determines representations up to isomorphism.

Throughout this chapter and the rest of the notes, G denotes a finite group and K = C. By Maschke’s
theorem, every finite-dimensional representation of G over C is semi-simple.

3.1 Schur’s Lemma

Theorem 3.1 (Schur’s lemma). Let R be a ring, and let My, M> be simple R-modules. Then any
module morphism f: My — My is either O or an isomorphism.

Proof. Since M is simple, Ker f is either {0} or M;. If Ker f = M then f = 0. Otherwise f is injective
and Im f C M is a nonzero submodule; since Ms is simple, Im f = My, so f is an isomorphism. [J

| Corollary 3.2. If M is a simple R-module, then End (M) is a division ring.

Proof. Every nonzero endomorphism is an isomorphism by Theorem 3.1, hence invertible. O

The decisive consequence for representations over C follows from the fact that C is algebraically
closed.

Corollary 3.3 (Schur’s lemma over C). Let G be a group, and let V', W be irreducible representations
of G over C. Then

0 fVEW,
1 ifvV W
In particular Endg (V) = {\idy | A € C}, and if V.~ W then every G-linear map V= — W isa

scalar multiple of any fixed isomorphism.

dim¢c Homg (V, W) = {

Proof. The case V' 2 W follows directly from Theorem 3.1. For V.= W, let f € Endg(V). Since C is
algebraically closed, f has at least one eigenvalue A € C. Then f — X id € Endg(V) is not injective,
so by Theorem 3.1 it must be 0, giving f = A id. The general case V' ~ W reduces to this one: fix an
isomorphism ¢: V' = W;then T+ ¢! o T is a C-linear bijection Homg(V, W) — Endg (V). O

16
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3.2 Dot Products

Definition 3.4 (Dot product over R). Let V' be an R-vector space. A dot product on V' is a map
(v,w) — (v | w) from V' x V to R that is bilinear, symmetric: (v | w) = (w | v), and positive
definite: (v | v) > 0 with equality only when v = 0.

Example 3.5. On V' = R", the usual dot product (v | w) = > ;_; vywg. On V = R[z], one may
take (P | Q) = [ P(z)Q(x) da.

Definition 3.6 (Dot product over C). Let V be a C-vector space. A dot product (Hermitian inner
product) on V' is a map (v,w) — (v | w) from V' x V to C that is sesquilinear (linear in the
first argument, conjugate-linear in the second: (v | Aw) = A(v | w)), conjugate-symmetric:
(v | w) = (w | v), and positive definite: (v | v) € R>¢ with equality only when v = 0.

Example 3.7. On V C™, the standard product (v | w) = >_}_,; vxwk. On Clz], one may take
(P| Q) fo Q(x) dux.

Definition 3.8 (Orthogonal, orthonormal). A family (v;);cs in V' is orthogonal if (v; | vy) = 0 for
all j # k, and orthonormal if additionally (v; | v;) = 1 for all j.

Proposition 3.9. If (¢;) ;e is an orthonormal basis of V, then the coordinates of any v € V are
recovered as (v | ;).

Proof. Write v =3 ; Aje;. Then (v | ex) = > c s Aj(ej | ex) = Ak O

3.3 Conjugacy and Class Functions

Definition 3.10 (Conjugacy). Two elements g, ¢ € G are conjugate if ¢ = hgh~" for some h € G.
The conjugacy class of g is the set of all its conjugates.

Definition 3.11 (Class function). A class function is a function ¢: G — C satisfying ¢(hgh~!) =
(g) for all g, h € G, i.e., a function constant on conjugacy classes.

Class functions form a C-vector space of dimension equal to the number of conjugacy classes. We
equip it with the inner product

(6 1¢) = #GZ¢

geqG

3.4 Traces

Definition 3.12 (Trace). The trace of a square matrix A is the sum of its diagonal entries: tr A =

> Aiie



CHAPTER 3. CHARACTER THEORY 18

Example 3.13. tr <1 2

3 4>:1+4:5.

Proposition 3.14. The trace is linear: tr(A + B) = tr A+ tr B and tr(\A) = X tr A. Furthermore
tr(AB) = tr(BA), whence tr(BAB™!) = tr A.

Corollary 3.15. The trace of a linear map T: V' — V is well-defined independently of the choice of
basis: for any basis (e, . .., eq) of V,

tr’l = Z(coeﬂicient ofe; inT(e;)).

3.5 The Character of a Representation

Definition 3.16 (Character). The character of a representation p: G — GL(V') is the function

Xp: G—C, gr—trp(g).

Proposition 3.17. The character of a representation is a class function.

Proof. tr p(hgh™") = tr(p(h)p(g)p(h)~") = tr p(g). O
| Proposition 3.18. Equivalent representations have the same character.

Proof. tr(P~1p(g)P) = tr p(g). O
| Proposition 3.19. The character of the trivial representation 1 is the constant function 1: G — C.
Proof. By definition, 1: G — GL(C) sends every g to idc, so x1(g) = tr(idc) = 1 for all g. O

Proposition 3.20. If x is the character of a representation of degree n, then x(1g) = n. We write
deg x := x(1a)-

Proof. Since p is a group morphism, p(1¢) = idy. Hence x(1¢) = tr(idy) = dimV = n. O

Proposition 3.21. IfVy, V5 are representations of G with characters x1, X2, then the character of
Vi@ Vo isx1 + xo.

Proof. The action of g on V; & V4 is given by the block matrix <p1 (9) 0 > , whose traceis tr p;(g)+
tr ,02(9)- 0 pZ(g) ]
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3.6 Characters on Inverses and Kernels

Since G is finite, every element has finite order, which forces the eigenvalues of p(g) to be roots of
unity.

Lemma 3.22. Let p be a representation of a finite group G of order n = #G. For all g € G, the
matrix p(g) is diagonalisable over C, and its eigenvalues are of the form ¢**™/" k ¢ Z.

n—1

Proof. By Lagrange’s theorem g" = 1, so p(g)" = id. The polynomial P(z) = 2" — 1 =[], —;(z —
e?kmi/n) satisfies P(p(g)) = 0, has all roots in C, and has no repeated roots. Hence p(g) is diagonalisable
with eigenvalues among the n-th roots of unity. O

| Corollary 3.23. Let x be the character of p. Forallg € G, g € Kerp < x(g) = degp.

Proof. Choose a basis diagonalising p(g), with diagonal entries \; satisfying |\;| = 1. Then x(g) =
> Aj- The triangle inequality gives [x(g)| < >_;|\;| = n, with equality iff all \; are non-negative
real multiples of a common direction; combined with |\;| = 1, this forces \; = --- = \,. Hence
x(g) = niffevery \; = 1, ie. p(g) = id. O

Corollary 3.24. Forallg € G, x(97 %) = x(9).

Proof. With p(g) ag(A1, ..., An) as above, we have p(g™Y) = p(g)~" = diag(\ L, .. A

diag(A1, ..., An), 50 X(971) = 30, A5 = x(9)- O

3.7 Invariants and the Character of Hom

Recall from Example 1.23 that the space of G-invariants of V is VG = {v € V | gv = vforall g €
G} = \,eq Ker(p(g) — id). Recall also that Hom(V/, W)% = Homg (V, W).

Lemma 3.25. Let p: G — GL(V') be a representation. The operator m = ﬁ > gecPlg) isa
projection onto V.
Proof. Foranyv € V and h € G:
1 1
p(h)(m(v)) = rg > p(hg)(v) = e > lg)(v) = 7(v),
geG geG
soIm7 C VE. Ifv € VC then p(g)(v) = v for all g, giving 7(v) = v. Thus 7 is the identity on V&

and maps all of V into V&, so 7% = . U

1
Corollary 3.26. dim V¢ = 7 Z x(9)-
geG

Proof. In a suitable basis, 7 has matrix (% 8> with n = dim VY Hence dimV® = tr 7 =
Za 2gtr p(g). O

Lemma 3.27. The character of Hom(V4, V3) is X1 X2, where x; is the character of V;.
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Proof. Fix bases (e1,...,en) of Vi and (f1,..., fn) of Va. For each pair (i,5) with 1 < ¢ < n,
1 <j < m,letT;; € Hom(Vy,Vs) be the map e; — f; sending the remaining basis vectors of V;
to 0. These T}; form a basis of Hom(Vi, V2). For g € G we have ¢T;; = pa(g) Ti; p1(g) . Writing
[p1(9) !k and [p2(g)]x; for the matrix entries in the chosen bases,

(9T35)(e1) = p2(9) Tij (Z[Pl(g)_l]kl ek;) = [p1(9) i p2(9) fi =D _p2(9)lkilor(9) i frs

k k

50 gTij = Y1 1[p2(9)]kilp1(9)~*1j1 Ti- The coefficient of Tj; in gT; is therefore [p2(g)]iilo1(9) 55
and the trace is

Xtom(vi,va) (9) = > _lp2(@)]iilp1(9) '35 = x2(9) xa(g™") = xa(9) x1(9),
i

where the last step uses Corollary 3.24. O
Corollary 3.28. The character of the dual V¥ = Hom(V, 1) is’X.

Proof. Apply Lemma 3.27 with V; = V and V5 = 1: the character of V¥V is Y - 1 = ¥. O
Corollary 3.29. Let V1, V5 be representations of G with characters x1, x2. Then

(x1 | x2) = dim Homg(V1, V2) € Zxo.

Proof. The character of Hom(V7, V3) is X1 X2, so by Corollary 3.26,

) . 1 —_—
dim Homg (V3, V2) = dim Hom(V3, V3)¢ = % > x1(9)xal9) = (x1 | x2)- O
geG

3.8 Tensor Products and Symmetric Powers

Proposition 3.30 (Character of a tensor product). Let V' and W be representations of G with
characters xv and xw. Then

XVeWw = XV ' XW (pointwise product).

Proof. By Proposition 1.21, V ® W ~ Hom(V", W) as G-representations. Applying Lemma 3.27 and
the fact that xyv = Xv:

XVEW = XHom(VV,W) = XVV XW = XV XW = XV XW- O

Remark 3.31. Alternatively: if g acts on V' by A and on W by B, the Kronecker product formula
(Remark 1.20) gives xyew(g9) = tr(A ® B) = tr(A4) tr(B) = xv(g) xw(g), since the diagonal
entries of A ® B are a;;bi.

Definition 3.32 (Symmetric and alternating squares). Let V' be a G-representation over C. The
transposition 7: V@V - VRV, v ® w — w ® v, satisfies 72 = id and commutes with the G-
action, so its 1 eigenspaces are G-stable. They are called the symmetric square and the alternating
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square (or exterior square) of V'
S%V = span{v@w+w v :v,w €V}, A%V = span{v@w - w®uv:v,w e V}.

Ifvy,..., v, isabasis of V then {v; ®v; +v; ®v; : i < j} is a basis of S?V and {v; ® v; —v; ®v; :

i < j} is a basis of A2V, giving dim S?V = % and dim A%V = @ Since the minimal

polynomial of 7 divides 22 — 1, which has distinct roots over C (or over any field of characteristic
# 2), the two eigenspaces span V ® V, and we have V ® V = S?V @ A%V,

Proposition 3.33 (Characters of the symmetric and alternating squares). Let V' be a representation
of G with character x. For all g € G:

xs2v(9) = $(x(@” +x(d%),  xazv(9) = 3(x(9)* = x(g?)-

Proof. Since g has finite order, p(g)!9! = I, so p(g) is diagonalizable over C with eigenvalues a1, . . . , o,
(roots of unity). The element g acts on v; ® v; & v; ® v; with eigenvalue a;a;. Using the standard
identity >, ; ciaj = [ )2+ X, a?] and Dicj Qi = $[(30; )? = X, a?], together with
S i = x(g) and Y, a? = x(g°) (eigenvalues of p(g?) are a?), the formulas follow.

Remark 3.34. As a consistency check, xs2v(9) + xa2v(9) = x(9)? = xv(9)? = xvev(9),
confirming the decomposition V®V = S?V @& A2V. The formulas are practical: given the character

table of 7, one can decompose S2V and A2V into irreducibles using the first orthogonality relations,
without constructing the representation explicitly.

3.9 First Orthogonality and the Main Theorem

Theorem 3.35 (First orthogonality of characters). The set Irr(G) is orthonormal with respect to the
inner product on class functions.

Proof. Let x1, x2 € Irr(G) with corresponding irreducible representations Vi, V». By Corollary 3.29
and Corollary 3.3,

0 ifVy % Va,

= dim Homg(V1, Vo) =
(x1 | x2) a(V1,Va) {1 iV, ~ Vs

Theorem 3.36 (Characters know everything). Let V' be a representation of G' of character x, with
irreducible decomposition V' ~ Wl@m @ - ® WE (pairwise non-isomorphic W; with characters

Xj) Then x = Zj njx; and

r

nj=xlx;) and (x|x)=>_n.
j=1

Proof. Additivity of characters on direct sums gives y = ; jx;- Taking the inner product with x
and using orthonormality yields (x | xx) = n. Then (x [ x) = >_; p nm(X; | x6) = 2= n]2

Corollary 3.37. V is irreducible if and only if (x | x) = 1.
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Proof. By Theorem 3.36, (x | x) = >_; n? with n; € Z>¢. This equals 1 iff exactly one n; = 1 and the
rest vanish, i.e. V' ~ W for a unique irreducible ;. O

| Corollary 3.38. The multiplicities ny are uniquely determined by V.

Proof. By Theorem 3.36, ny, = (x | xx), which depends only on the character x of V' (and not on a
chosen decomposition). O

| Corollary 3.39. Two representations of G are equivalent if and only if they have the same character.

Proof. Equivalent representations have the same character (already noted). Conversely, if xy = xv,
then ni, = (xv | xx) = (xv’ | X&) = nj, for each k, so V and V' have the same decomposition into
irreducibles and are therefore isomorphic. O

| Corollary 3.40. # Irr(G) < #{conjugacy classes of G}.

Proof. The elements of Irr(G) are orthonormal in the space of class functions, which has dimension
equal to the number of conjugacy classes. An orthonormal set cannot exceed the dimension of its
ambient space. (We will prove equality in Theorem 4.21.) O

Example 3.41 (S3). Take G = S3 with #G = 6 and three conjugacy classes: {1lg},
{(12), (13), (23)}, {(123), (132)}. We already know three irreducible representations: the trivial
1, the sign ¢, and the standard A of degree 2. The permutation representation Perm (induced by
S3 ~ {1,2,3}) has character xperm(9) = # Fix g:

| {1c} {(12),(13),(23)} {(123),(132)}

1 1 1 1

€ 1 —1 1

A 2 0 -1
Perm 3 1 0

We compute (1 |1) = (¢ | &) = (A | A) = 1, confirming irreducibility. Since (Perm | Perm) =
2(9 4 3+ 0) = 2, Perm is not irreducible. Computing (Perm | 1) = 1, (Perm | €) = 0,
(Perm | A) = 1 gives Perm ~ 1 & A.

3.10 Exercises

Exercise 3.42 (Decomposition of permutation representations). Let G be a finite group acting on a
finite set X with #X > 2. The orbitof z € X is G- = = {h - x | h € G}, and the fixed set of g € G is
Fixg = {x € X | g = «}. Orbits partition X. We admit the following orbit-counting formula: the
number of orbits equals
1

— > #Fixg.

#G geG
The action is transitive if X is a single orbit, and doubly transitive if for all z # 2’ in X and y # 3’ in X

there exists g € G with g-x = yand g- 2’ = 3. Let w be the permutation representation corresponding
to G ~ X;recall x(g9) = # Fixg.

1. Prove that there exists a representation p of G such that m ~ 1 & p.
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2. Prove that p has no subrepresentation isomorphic to 1 if and only if the action of G on X is
transitive.

3. Suppose the action of G on X is transitive. Prove that p is irreducible if and only if the action is
doubly transitive.

Hint: Consider the diagonal action of G on X x X by g - (z,y) = (9 - x,g - y). Note that the
diagonal A = {(z,x) | x € X} is a proper G-stable subset of X x X.

(Solution)

Exercise 3.43 (Schur vs. class functions). Let GG be a finite group, f: G — C a class function (not
necessarily a character), and p: G — GL(V) an irreducible representation of G with character .
Define

Tr =Y flg)plg): V—V.
geG

1. Explain why Ty = A idy for some A € C.

2. Express A in terms of deg p and an inner product of class functions.
(Solution)
Exercise 3.44 (Real-valued characters). Let G be a finite group.

1. Prove that every character of G is real-valued if and only if every g € G is conjugate to its inverse.

Hint: Recall that x(g~') = x(g) (Corollary 3.24).
2. Let n € N. Prove that every character of S,, is real-valued. What about A4?

(Solution)



Chapter 4

Character Tables

In this chapter we determine the precise number of irreducible representations of a finite group (it
equals the number of conjugacy classes), prove the Wedderburn structure theorem for C[G], and use
these tools to compute character tables explicitly.

4.1 Decomposition of the Regular Representation

Proposition 4.1. Let G act on a finite set X. The character of the permutation representation C[X]
is x(g) = #Fixg, whereFixg={z € X | g-z =z}

Proof. In the basis {e; }zcx, the action sends e, — e4.5, so the diagonal entry of g at position x is 1 if
g - x = x and 0 otherwise. O

Applying this to the regular representation G ~ G by left multiplication:

Xreg(9) = #Fixg = #{h € G | gh = h} = {#G S

0 otherwise.
Remark 4.2. The regular representation is faithful: if g-x = x forall x € G, then g- 15 = 1 forces
g = lg. Hence every finite group admits a faithful representation. In particular, a non-abelian
group must have at least one irreducible representation of degree > 2: were every irreducible
component of the (faithful) regular representation of degree 1, each would factor through the
abelianisation G/G’, and the kernel of the regular representation would contain G’ # {15}

Theorem 4.3 (Decomposition of the regular representation).

o= @ o,
pElrr(G)

Proof. For any p € Irr(G) with character x,, its multiplicity in C[G] is

1 - 1
(Xreg | Xp) = %G g%xreg(g)xp(g) el #G - x,p(1g) = degp. O

24
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Corollary 4.4. #G = Z (deg p)2.
p€lrr(G)

Proof. Compare dimensions on both sides of Theorem 4.3: #G = }_ (degp) - deg p. O

Example 4.5. For G = S3 with Irr(G) = {1,¢,A}: C[S3] ~ 1@ e® A®?, and 6 = 12 + 12 + 22,
v

Corollary 4.6. Forall g € G,

#G  ifg =1lg,
> (degx) x(g) = {0 her
x€E€Irr(G) otherwise.
Proof. This is the statement that the character of P o p@deer equals Xreg- O

4.2 Wedderburn on C[G]

Definition 4.7 (K-algebra). Let K be a field. A K -algebra is a K-vector space A which is also a
ring satisfying A(ab) = (Aa)b = a(\b) forall A € K and a,b € A.

Example 4.8. The polynomial ring K [x], the matrix ring M, (K), and the group ring C[G] are
all K-algebras.

Definition 4.9 (Opposite ring). The opposite ring R°PP of a ring R has the same underlying set
and addition, with multiplication reversed: X gorp y = y X R 2.

Example 4.10. If R is commutative, R°P? = R. Transposition gives M, (K)°PP ~ M, (K).

Lemma 4.11. Let M = R viewed as an R-module. Then Endp (M) ~ R°PP,

Proof. The map r — (u,: m — mr) from R°PP to End g (M) is injective (since y,-(1) = r), surjective
(any f € Endg(M) satisfies f = jif(1)), and a ring morphism (g 0 15 = pusr)- O

Lemma 4.12 (Endomorphisms of direct sums). If M = My & Ms is an R-module, then

_ Endg (M) Homp(Ma, M)
Endp(M) ~ (HOmR(Ml, Mz)  Endp(Mz) )

If My % My are both simple, this reduces to Endr(M ) ~ Endg(M;) x Endg(Ms).

Proof. Let¢;: M; — M be the canonical inclusions and 7; : M — M the projections, satisfying m;¢; =
dijidag; and ¢171 + 1oy = idpys. For f € Endg(M), define f;; = m; ft; € Hompg(M;, M;). The map
f = (fi;) is a K-linear bijection from End g(}M) to the matrix space, with inverse (fi;) — >, ; ti fi; ;.
It is a ring morphism: if f, g € Endr(M ), then

(f9)ij = mifgry = mif(um + 2m)ge; = > finghis
k
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which is matrix multiplication. For the second statement: if M; % M are simple, then Schur’s lemma
(Theorem 3.1) gives Homp (M1, My) = Homp(Ma, M;) = 0, so the off-diagonal entries vanish and
the matrix ring becomes the product Endg(M;) x Endg(Ms). O

Theorem 4.13 (Wedderburn—Artin). Let K be a field, and let A be a K -algebra that is semi-simple
as an A-module. Then

r
A~ [[Ma (D),
=1
a finite product, where the D; are division rings containing K.

Remark 4.14. We state Wedderburn—Artin as background context only: its proof in full generality
requires the Jacobson density theorem and other tools from noncommutative algebra. For the case
A = C|[G] we will give a direct proof below, using only Maschke, Schur, and the decomposition of
the regular representation.

Theorem 4.15 (Wedderburn decomposition of C[G]).

ClGl~ J] Maego(C).
p€Elrr(G)

Proof. By Lemma4.11, C[G]°PP =~ Endc(q)(C[G]) = Endg(C[G]). By Theorem 4.3, C[G] ~ @ jcpyy () P* degp
as G-modules. Iterated application of Lemma 4.12, together with the vanishing Homg(p, p') = 0 for
p % p' (Schur), gives

Endg(C[G]) ~ H Endg (,o@degp) ~ H Mdegp(End(;(p)).
pElrr(G) pElrr(G)

By Corollary 3.3, Endg(p) ~ C for every irreducible p over C, so

ClGIPP ~ ] Moaegn(C).
pelrr(G)

Taking opposites on both sides and using M,, (C)°PP ~ M,, (C) (via transposition) yields the claim. [

Fourier inversion formula

The Wedderburn isomorphism is given concretely by  — (p(%)) jere(c)- Its inverse sends the element
0,...,0,id,0,...,0) € Hp M eg p(C) (identity in the p-slot, zero elsewhere) to the idempotent

degp x\~——F=
T, = e, € Cl|G].
) ¥e gGZ;Xp(Q) g [ ]

This Fourier inversion formula provides the projections onto isotypic components, as we discuss in
Section 4.4.
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4.3 The Number of Irreducible Representations
| Definition 4.16 (Centre). The centre of aring Ris Z(R) = {z € R| zr = rz forall r € R}.

| Theorem 4.17. For every field K andn € N, Z(M,(K)) ={\, | N € K} ~ K.

Proof. Clearly every scalar matrix AJ,, commutes with all of M,,(K). Conversely, let A = (a;;) €
Z(Mp(K)) and let Ej; denote the matrix with a 1 in position (k, [) and zeros elsewhere. Then

[AEw)i; = aq 6j1, [EwAlij = 6k agj,
so AEy = EyAforall k,1 gives a;;, 05, = 0;1, ay; for all 4, j, k, I. Setting 7 # k and j = [ yields a;;, = 0:
all off-diagonal entries of A vanish. Setting ¢ = k and j = [ gives agr, = ay;: all diagonal entries are equal.

Hence A = \I,, for some A € K. The map A — A, is a ring isomorphism K — Z(M,,(K)). O

Proposition 4.18. An elementz =)
g = Mg is a class function.

geG Ag€g € C[G] lies in Z(C|[G]) if and only if the function

Proof. x € Z(CI|G]) iff ve, = epx for all h € G, which amounts to Ay = Ap,gp-1 forallg,h € G. O

Corollary 4.19. The class sums ec = de() eg, as C' ranges over conjugacy classes, form a C-basis

of Z(CI|G]). In particular, dim¢ Z(C[G]) = #{conjugacy classes in G}.

Proof. By Proposition 4.18, z =}/ A\geq € Z(C[G]) iff the function g — ) is constant on conjugacy
classes. Thus every € Z(C[G]) may be written uniquely as x = )~ cc ec with cc € C, so the class
sums {ec} span Z(C[G]). They are linearly independent because the {e,},c¢ are a basis of C[G] and
distinct conjugacy classes are disjoint. O

Lemma 4.20. If M is any R-module, then every z € Z(R) acts on M as an R-module endomorphism
viam — zm. In particular, if f: G — C is a class function, then Ty = > . f(g)p(g) lies in
Endg(V) for every representation V.

Proof. Forr € Rand z € Z(R): z(rm) = (zr)m = (rz)m = r(zm), so m — zm is R-linear. Applied
to R = C[G]: by Proposition 4.18, Ty = 3 f(g)e, lies in Z(C[G]) when f is a class function; its
actionon V'is 3 f(g)p(g). O

Theorem 4.21 (Number of irreducible representations). Let G be a finite group. Then
# Irr(G) = #{ conjugacy classes in G}.
Proof. Using Theorem 4.15 and Theorem 4.17:
#{conj. classes} = dim Z(C[G]) = dim Z H Maegp(C) | = Z dim Z(Mageg o(C)) = # Irr(G).

pelrr G pElrr G
O

Corollary 4.22. The irreducible characters form an orthonormal basis of the space of class functions.
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Proof. They are orthonormal by Theorem 3.35. The space of class functions has dimension equal to the
number of conjugacy classes, which by Theorem 4.21 equals # Irr(G). An orthonormal set of the right
cardinality is a basis. O

Corollary 4.23. G is abelian if and only if all irreducible representations of G have degree 1.

Proof. G abelian <= every conjugacy class is a singleton <= # Irr(G) = #G. Combined with
>_,(deg p)? = #G (Corollary 4.4), this gives > ,(deg p)? = >_, 1, which forces deg p = 1 for all
p- ]

4.4 Isotypic Components

Theorem 4.24 (Projection onto isotypic component). Let V' = @Xehr Q) W;B "X be the complete
decomposition of a representation of G. For each x € Irr(G), the projection m,, onto the x-isotypic

TUx;

component W)? is given by the operator

_d
egx ZX p(g) € End(V).
gEG

Proof. Let T = degx & D geG x(9)p(g). By Lemma 4.20, T € Endg(V), and by Schur’s lemma it acts on

1 ify =
each irreducible summand W, by a scalar \. Taking traces, A = d;%x rr d) (Y| x) = {O 1fz 2 ;?
So T'is the identity on W;e " and zero on all other isotypic components. O

Corollary 4.25 (Isotypic components are canonical). For each x, the isotypic component W)?e s
does not depend on the chosen decomposition of V. It is called the x-isotypic component of V.

Proof. By Theorem 4.24, the projection 7, onto the y-isotypic component is given by the explicit

formula 7, = degx PO x(9)p(g), which involves only V, the representation p, and the character y —

not any chosen decomposmon. Hence WS " = Im Ty is canonically defined. O

4.5 The Character Table

Definition 4.26 (Character table). The character table of a finite group G is the square matrix
whose rows are indexed by Irr(G), whose columns are indexed by the conjugacy classes of G, and
whose (i, j) entry is the value x;(g;) of the i-th irreducible character on any element g; of the j-th
conjugacy class. It is a square matrix of size # Irr(G) = #{conj. classes}.

Example 4.27 (Character table of S3). From Example 3.41, with conjugacy classes represented by
Id, (12), (123):
Id (12) (123)
# elements | 1 3 2

1 1 1 1
€ 1 -1 1
A 2 0 -1
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Theorem 4.28 (Second orthogonality of characters). Let C, C’ be conjugacy classes of G, and let
g€ C,heC'. Then

o L JHG/#C ifC=C,
> MWX@)—{O O 40

x€lrr(G)

In particular, the columns of the character table are pairwise orthogonal.

Proof. By Theorem 4.21, Irr(G) is an orthonormal basis of the space of class functions. The class
indicator ¢ : G — {0, 1} (equal to 1 on C' and 0 elsewhere) is a class function, so it expands as

bo= Y (bc]x)x-

x€lrr(G)

The coefficient is (6¢ | x) = ﬁ Y owec X(w) = %X(g). Evaluating at h:

- jg S X@x(h).

x€lrr(G)

Since ¢ (h) = 1if h € C (i.e. C = C”) and 0 otherwise, dividing by #C'/#G gives the result. O

dc(h)

4.6 The Conjugacy Principle and Conjugacy Classes in .5,

Remark 4.29 (Conjugacy principle). In a group G of “transformations” acting on objects with
“parameters” x, 7, . .., conjugation by h € G replaces parameters by their images under h: hgh~!
is the transformation of the same type as g but applied to the parameters h - x,h - y, . ..

Example 4.30. In G = SO3(R), if g is the rotation of axis £ and angle 6, then hgh~! is the rotation
of axis h(¢) and the same angle 6.

Applying the conjugacy principle to G = S,, gives a complete description of conjugacy classes.

Proposition 4.31. Two permutations 0,0’ € S,, are conjugate if and only if they have the same
cycle type. Hence conjugacy classes of S,, are in bijection with partitions of n.

Proof It o = (iy---ix)(j1---j1) - -+, then 77~ = (7(i1) - 7(ix)) (7(j1) - - - 7(5i)) - - -, which has
the same cycle shape. Conversely, any two permutations of the same cycle shape are conjugate via an
explicit permutation of the labels. O

Example 4.32. The conjugacy classes of S5 correspond to partitions of 5:

{1d} 5=1+1+1+1+1
{(x*)} H=d=F il
{(x*x)} =3+1+1

(

(% % %) } 5=4+1
(xxxx%x)} 5=5
(x%)(x%)} 5=2+241
(
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giving 7 conjugacy classes and hence 7 irreducible representations.

4.7 Example: Character Table of S,

The conjugacy classes of Sy correspond to partitions of 4, giving 5 classes, represented by 1d, (12),
(123), (1234), (12)(34) with class sizes 1, 6, 8, 6, 3 respectively.

There are thus 5 irreducible representations of degrees n1 < ng < nsg < nyg < ns. Since 1 is always
irreducible, n; = 1. The constraint ) _, n? = #54 = 24 forces n% + n% + ”421 + ng =23,sons <4.1If
ns = 4, the remaining sum is 7, and no choice of three positive squares from {1,4,9, 16} sums to 7.
Hence ns = 3, leaving n% + ng + ni = 14 with each n; < 3. The inequality Sn?1 > 14 forces ni > 5, so
ny4 = 3; then n3 + n% =5 =1+4,s0ny = 1and n3 = 2. The five degrees are therefore (1,1, 2, 3, 3).

We build the table using known representations:

« 1: trivial representation (row of all 1s).
« ¢: sign representation (+1 on even permutations, —1 on odd).

« Perm: permutation representation on {1, 2, 3,4}, with x(¢g) = # Fix g. One computes (Perm |
Perm) = 2 and (Perm | 1) = 1, so Perm ~ 1 & x where Y is the irreducible of degree 3 with
values (3,1,0,—1,—1).

+ xe: tensor product of x with the sign, giving another irreducible of degree 3 with values
(3,-1,0,1,-1).

« The degree-2 representation t: found by subtracting. The character of Hom(y, x) is X - x, which
equals x here because Y takes only real values; the pointwise product has values (9,1,0, 1, 1).
Since (x* [ x*) =4 0 1D =1L 03| x) =L (" xe) =L weget X’ ~1® x ® xe ® ¢
where 1 is the remaining irreducible of degree 2 with values (2,0, —1,0, 2).

The complete character table of Sy is:

Id (12) (123) (1234) (12)(34)
# elements | 1 6 8 6 3
1 1 1 1 1 1
€ 1 -1 1 -1 1
P 2 0 -1 0 2
X 3 1 0 -1 -1
XE 3 -1 0 1 -1

One may verify: each row has inner product 1 with itself and 0 with all other rows; Corollary 4.4
gives1 +14+4+94+9=24=#54. Vv

4.8 Representations of Abelian Groups

Since every finite abelian group is a direct product of cyclic groups, it suffices to understand the
irreducible characters of Z,, and how characters behave under direct products. Because all irreducible
representations of an abelian group have degree 1, they are simply group homomorphisms G — C*.
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Definition 4.33. Let n € N and w,, = €2™/™ For each k = 0,1, ...,n — 1 define
km

Xk: Zn — C*,  xp(m) = wi™.

Proposition 4.34. The characters xo, . . . , Xn—1 are exactly the irreducible representations of Z,.

Proof. Each xj is a group homomorphism (hence an irreducible degree-1 representation). They are
pairwise distinct since (1) = w” takes n different values. Since Z,, is abelian, # Irr(Z,) = n, so
these are all. O

Example 4.35. The character table of Z4 (with w = e2™/4 = j):

0 1 2 3
Yoll 1 1 1
X1 1 ) -1 —
2|1 =1 1 =1
X3 1 - -1 )

Both orthogonality relations can be verified directly.

Proposition 4.36 (Characters of direct products). Let G1, G5 be finite abelian groups withIrr(G1) =
{x1,.--, xm} andIrr(G2) = {p1, ..., on} (Wherem = #G1, n = #G2). The functions o : G1 %
Go — C* defined by

aij(91, 92) = Xi(91) ¢;(92)

form a complete set of mn = #(G1 x G2) irreducible representations of G1 x GJ.

Proof. Each o is a group homomorphism, hence irreducible. They are pairwise distinct: o;; = ayy
implies x; = Xy (restrict to G x {1}) and ; = ¢;. Since G| x G+ is abelian of order mn, it has exactly

mn irreducible representations. O
Example 4.37. The character table of the Klein four-group Zg x Zg, with Irr(Zs) = {xo0 =
L, xa(m) = (=1)™}: e

1(0,0) (0.D) (1,0) (11)
Q00 1 1 1 1
Qo1 1 —1 1 —1
10 1 1 —1 -1
a1 1 —1 —1 1
4.9 Exercises
Exercise 4.38 (An enigmatic group). A finite group G has 11 conjugacy classes C1, ..., Cj1, and two

representations ¢ and 1) (not necessarily irreducible) whose characters are given by:

[C1 Gy C3 Cy C5 Cs Cr Cs Cy Cip Cn

Size| 1 15 40 90 45 120 144 120 90 15 40
6|6 2 0 0 2 2 1 1 0 -2 3
Y21 1 -3 -1 1 1 1 0 -1 -3 0
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. Which conjugacy class contains the identity 15?

. Determine deg ¢ and deg ).

Determine #G.

Is the representation of character ¢ irreducible? If not, determine its decomposition into a direct
sum of irreducible representations, including the degree of each irreducible constituent. (Hint:
there is one irreducible character of G you can write down immediately.)

Prove that G has an irreducible representation of degree 16. Write down its character. Finally,
exhibit an element of C[G] that acts as a projector onto the corresponding isotypic component.

Prove that G has a representation of degree 25 that decomposes as a direct sum of 4 pairwise
non-isomorphic irreducible representations.

(Solution)

Exercise 4.39 (Non-abelian groups of order 8). Let G be a non-abelian group of order 8. Prove that
G has exactly 5 conjugacy classes, and that the abelianisation G®” = G'//D(G) must have order 4.
(Solution)

Exercise 4.40 (Character table of A4). Let G = Ay be the alternating group on 4 objects. Set w = ¢27/3;
note that w? = = —w — 1.

1.

Let V3 = {Id, (12)(34), (13)(24), (14)(23)} be the Klein four-subgroup of A4. Prove that Vj is
normal in Ay, and that A4/V} is cyclic.

. Prove that (123) and (132) are not conjugate in Ay.

Determine the character table of A4.

Deduce that Vj; = D(Ay).

. Determine the decomposition into irreducible representations of the restriction to A4 of each of

the five irreducible representations of Sy.

. (Bonus) The group of rotations of R? preserving a regular tetrahedron is isomorphic to A4 via

the induced permutations on the 4 vertices, giving a faithful representation of A, of degree 3.
Decompose it over C into irreducible representations.

(Solution)

Exercise 4.41 (Character table of Cy x C5). Write Cy = Z/27 and let G = C x Cj.

1.

Let x be an irreducible character of G. Prove that x(g) € {+1,—1} forall g € G.

2. Write down the character table of G.

3.

4.

Is any irreducible representation of G faithful?

Do faithful representations of G exist? If so, what is the smallest possible degree?

(Solution)
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Exercise 4.42 (Character table of Dg). Let G = Dg be the group of symmetries of the square with
elements Id, rotations p (by 90°), p? (by 180°), p3 (by 270°), reflections o, o’ about the two diagonals,
and reflections 7, 7’ about the axes through midpoints of opposite edges.

1. Determine the derived subgroup D(G) and the structure of the quotient G/D(G).
2. Determine the character table of Dg.
(Solution)

Exercise 4.43 (Character table of QJg). Let Qs = {1,—1,1,—1,J,—J, K, —K} be the quaternion
group with multiplication defined by

(—I‘)y:x(—y):—(;py)’ xl:lxzx, IZZJZZKQZ—]_’
I J=K=-JI, JK=1=-KJ, KIlI=J=-IK.

1. By Exercise 4.39, (s has exactly 5 conjugacy classes. Verify that these are {1}, {—1}, {I, -1},
{J,=J},and {K, —K}.

2. Determine the centre Z(Qg).
3. Prove that Qs/Z(Qs) = Cy x Ch.

4. Determine the character table of Jg. Compare it with the character table of Dg (Exercise 4.42).

5. The matrices <é —02>’ <_01 é), and (? é) satisfy the defining relations of QJg, giving a

faithful representation of (Jg of degree 2. Interpret this in terms of the character table.

(Solution)



Chapter 5

Induced Representations

The previous chapters developed character theory for a fixed finite group G. In many situations one
encounters a group G together with a distinguished subgroup H, and it is natural to ask how the
representation theories of the two groups are related. The operation of passing from G-representations
to H-representations is called restriction; the reverse operation, building a G-representation from an
H -representation, is called induction. The main result of this chapter, Frobenius reciprocity, expresses a
clean adjointness relation between the two.

5.1 Restriction and Induction

Throughout this chapter, G denotes a finite group and H < G a subgroup.

Definition 5.1 (Restriction). Let p: G — GL(V') be a representation with character y. Composing
with the inclusion H < G vyields a representation p|r: H — GL(V), called the restriction of p to
H. We denote it Res% p, and its character Res x.

Remark 5.2. Even if p is irreducible as a G-representation, Res% p may be reducible: a subgroup
need not detect all of the symmetry that G sees.

Restriction goes from G-representations to /{-representations. We now want the reverse: given
p: H — GL(W), we wish to build a G-representation Ind$, p from .

Remark 5.3 (Induction # inflation). Do not confuse induction with inflation. Inflation views a
representation of a quotient G/N as a representation of G via the projection G — G/N — GL(V).
Induction goes from a subgroup H up to G, not from a quotient.

5.2 Definition(s) of the Induced Representation

Definition 5.4 (Right transversal). A right transversal of H in G is a subset T' C G such that

G:|_|Ht.

teT

In other words, T is a system of representatives for the right cosets of H: every g € G decomposes
uniquely as g = hyty with hy € H and t;, € T. We may and do assume 1 € 7T, so that the

34
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decomposition of any h € H is h = h - 1g, giving t;, = 1. In particular, t, = 15 if and only if g € H.

Explicit construction

Let W be a representation of [ and fix a right transversal 7". The idea is to build Indg W as a product
of copies of W indexed by 7', and to let G permute these copies while applying the H-action.

Definition 5.5 (Induced representation, first version).

md§ w =[] w: = @ w,

teT teT
where W; = W forallt € T.
Given g € G and t € T, write tg = hygt' with hyg € H and t/ =ty € T
Theorem 5.6. The formula

g-wy = h-wy (he H; t,t' €T)
tg=ht’

makes Ind$; W a representation of G. The isomorphism class of Ind$; W' is independent of the choice
of right transversal T'.

Proof. The basis-free second construction (Definition 5.7 and Theorem 5.8 below) yields a G-representation
that does not depend on any choice of transversal. The bijection ® of Theorem 5.9 transports its G-
action to the formula above, simultaneously proving that the formula defines a GG-action and that the
resulting representation is the same (up to isomorphism) for every choice of T'. O

Abstract construction

Definition 5.7 (Induced representation, second version).
IndG W = {f: G - W | f(hz) = h- f(z)forallh € H, z € G},

with the G-action (g - f)(z) = f(xg) for g,z € G.

Theorem 5.8. The formula (g - f)(z) = f(zg) makes Ind% W a representation of G.

Proof. If f € Ind%; W, thenforallg € G, h € H, z € G:
(- f)(ha) = f(hag) = h- f(zg) =h-(g- f)(z),
s0 g - f € Ind% W. This defines a G-action: 1¢ - f = f is clear, and for g1, s € G,
(91 - (92 ) (@) = (92 [)(zg1) = f(zg192) = ((9192) - f) ().

Linearity is immediate: g - (f1 + f2) =g fi+g- foand g- (Af) = A(g - f). O
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Equivalence and basic properties

Theorem 5.9 (Indf] W well-defined up to isomorphism). The two constructions of Indfl W yield
equivalent representations.

Proof. The maps

: {f: G W | f(ha)=h-fx)} — PWi, fr— (FO)er

teT

v @Wt — G =W | f(ha)=h-f(z)}, (wer — (z = he - wy,),
teT
are well-defined, C-linear, and inverses of each other. To check that ® intertwines the (G-actions, note
that fort € T and g € G, writing tg = ht' withh € H,t' € T

D(g- fle=(g-)(t) = f(tg) = hig - f(tsg) = h- f(t'),
which matches the formula of Theorem 5.6 for the first-construction action. O

Remark 5.10. The degree of the induced representation is
degIndG W = (#T) degW = [G : H] deg W.

Moreover, Res$ Ind$ W contains a copy of W in the first construction, the component W7, is
H-stable with the original H-action.

5.3 Example: Permutation Representations

Every transitive permutation representation arises as an induced representation of the trivial character.

Let G act transitively on a non-empty finite set X. Fix a base point g € X andlet H = {g € G |
g - xp = xo} be its stabiliser. For each z € X, choose g, € G with ¢, - ©9 = x and g, = 1. Setting
ty = g, ', the elements (t;).cx form a right transversal of H in G:

G= | | Hta,

zeX

since the right cosets Hg of H in G biject with X via Hg + g~ ! - x.

Proposition 5.11. Ind% 1 ~ C[X], where 1y is the trivial representation of H and C[X] =
@D.cx Cey is the permutation representation attached to G ~ X.

Proof. Using the second definition (Definition 5.7), Ind% 1y consists of functions f: G — C with
f(hg) = f(g) forall h € H, i.e., functions constant on the right H-cosets { Hg}4cq. For each z € X,
let 0, € Indg 15 be the indicator of the coset Ht,:

1 ifg e Ht,,
dz(9) :{

0 otherwise.
The set {0, }zex is a C-basis of Ind% 1. For g € G and z € X:

(9 : 6x)(tz) = 5z(tzg)'
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Now t,g = g;'g € Ht,, for the unique y € X satisfying g;lg € Hgy_l. This holds iff gygz_lg € H,ie.
gygglg - Tp = Xo,i.e. gz =y (using g, - 9 = z and g, - T¢ = y). Hence

(g : 5x)(tz) = 5x(tz.g) = [‘T =g Z]u

$0 g - 0y = d4.5. The map 6, — e, is therefore a G-equivariant isomorphism Indg 1y = C[X]. O

5.4 Induced Characters

We compute the character of Ind% W in terms of the character of TW.

Definition 5.12 (Extension by zero). Let x: H — C be a class function on H. Its extension by
zero is the function x°: G — C defined by

Clg) = {x(g) ifg e H,

0 otherwise.

Remark 5.13. In general x” is not a class function on G, since conjugation by elements of G can
move elements into or out of H. However, it does satisfy the following partial invariance.

Lemma 5.14. Forallg € G and h € H, x°(hgh™') = x%(9).

Proof. If g ¢ H then hgh~' ¢ H (since H is a subgroup), so both sides equal 0. If g € H then
x°(hgh™1) = x(hgh™1) = x(g9) = x°(g) since x is a class function on H. O

1

Remark 5.15. Lemma 5.14 fails if we conjugate by an arbitrary ¢’ € G: ¢’g¢’~" may lie in H even

wheng ¢ H.

First formula

Lemma 5.16 (First formula for induced characters). Let x be the character of a representation W of
H. Forallg € G,

1 _
Ind§; x(g) = ZH Z X (zgz™h).
zeG

Proof. Let (e;)icr be a basis of W. Then (e;+)icr, ter is a basis of Indg W = @,cr Wi For g € G, the
action sends g - €;; = h - €; » where tg = ht'. The diagonal term at (4, t) is nonzero only if ¢’ = ¢, i.e.
tgt~! € H,in which case it contributes x (tgt ') = x"(tgt~'). Hence

Imd% x(g) = > _x"(tgt™).
teT

Since G = | |, Ht, every x € G writes as © = ht for unique h € H,t € T, and by Lemma 5.14,
X(zgz~t) = x°(htgt=*h™') = xO(tgt™!). Summing over x € G gives #H copies of each term
X (tgt™1). so

1 _ .
#T.{Zxo(xgw N =D xX(tgt™!) = Ind§ x(9). O
zeG teT
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Second formula

To state the second formula we introduce notation. For a group K and g € K, let
ccg(g) ={kgk™" |k€e K} C K, Ck(g)={keK|kg=gk} <K

denote the K-conjugacy class of g and the centraliser of g in K, respectively. By the orbit-stabiliser

theorem, #K = #Ck(g) - #cck(g).
For H < G, the intersection cc(g) N H is a (possibly empty) union of H-conjugacy classes; write
ce(g9) N H = ||; ccr(hy) for representatives h; € H.

Theorem 5.17 (Second formula for induced characters). Let x be a character on H < G. For all
g €@G,

h;
Indf x(g) = #Cc(g)zj: #?}L(i)g = #Cc o Z#CCH hj),

where cc(9) N H = | |; ccu(hj). (An empty intersection gives Ind% x(g) = 0.)

Proof. Starting from Lemma 5.16:

Ind # ZX 71 _#CG(Q) Z Xo(g/),

z€G #H g'€cca(g)

since each element g’ € ccg(g) is achieved by exactly #Cq(g) choices of x. Since x° vanishes outside
H, the sum reduces to ccg(g) N H = | |; cen(hy):

Ind$ x(g) #CG Z #cen (h h;).

Substituting #ccy (h;) = #H/#Cu(hj) gives the first form. For the second form, observe

#Calg) _ #G/#ccalg) _ [G: HJ —
#H #G/IG: H]  tecalg)

Example 5.18. Take G = S3, H = {Id, 7} with 7 = (12), and x € Irr(H) the sign: x(Id) = 1,
x(1) = -1

e g =0 = (123): ccq(o) = {(123),(132)} and ccg(o) N H = 0, so Ind§ x(o) = 0.

=7/ = (3 () = (12), 1), (I} x(") 1 H = (12)) = (7). Thus =1
hi =71,[G: H| =3, #ccg(1') = 3, #cep (1) = 1, s0 Indg x()=3-1-(-1) =

Together with Ind% x(Id) = [G : H] x(Id) = 3, the full character of Ind%, y on the three conjugacy
classes of S3 is (3 -1, 0), Wh1ch equals € + A as we will confirm using Frobenius reciprocity
below.

CAJ\C.O

5.5 Frobenius Reciprocity

The most important formal property of induction is that it is adjoint to restriction with respect to the
inner product of characters.
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Theorem 5.19 (Frobenius reciprocity). Let ¢ be a character on H and 1 a character on G. Then
(Indf ¢ | ) = (& | Resfy v)

Proof. Expanding the left-hand side using Lemma 5.16:

(Ind% ¢ | ¥) . Ind$ ¢(g) < ¢ (xga™ )1#()
e ;e% H #ngeé #H;
#(zgz=1) P(g).
~ o7 ZZ

Substituting y = zgz ! (so g = x~'yx) and using that 1) is a class function (1)(z " 'yz) = ¥(y)):

Ty # =22 ¥ #HZ¢0 #HZ¢ = (¢ | Resiy ¢) -

ze€G yeG yeG yeH

Example 5.20. Take G = S3 and H = {Id, 7} where 7 = (12), with character table of H:

H |Id -~
1|1 1
v |1 -1

and character table of G = S5 (with # class sizes 1, 3, 2):

G |1d (12) (123)

#11 3 2
1c| 1 1 1
e |1 -1 1
Al2 0 -1

For any character y of H, Frobenius reciprocity gives

x(Id) + x(7)
2 )

x(Id) — x(7)

2 )

2x(Id) +0 - x(7
(Ind%x!A)G:(X|ResgA)H: x( )2 X()zx(Id):degx.

(Indgx | 1g)G = (X | Resg lg)H =

(Indgx ] E)G: (X | Resga)H =

Applying this to x = 15 and x = ¥:
mdG 1y ~1c® A, IndGy~ed A

In particular, every irreducible representation of GG appears in some Indg X, X € Irr(H).

Corollary 5.21 (All representations from induction). Let G be a finite group and x € Irr(G). For
any H < G, there exists 1 € Irr(H) such that Ind$ ¢ contains x as an irreducible component.




CHAPTER 5. INDUCED REPRESENTATIONS 40

Proof. Let ) be any irreducible component of Res$ x. By Frobenius reciprocity,
(Indgw|x)G:(¢|Resgx)H21. O

Example 5.22. Take G = S; and H = S3 < Sy (permuting the first three elements). Recall the
character tables:

Sy | Id (12) (123) (1234) (12)(34)
Ss | Id (12) (123) +# 1 6 8 6 3
# |1 3 2 1g, | 1 1 1 1 1
1lg, | 1 1 1 es, |1 -1 1 —1 1
sy | 1 -1 1 P 2 0 —1 0 2
A |2 0 —1 X 3 1 0 —1 -1
X€sy | 3 —1 0 1 -1

Applying Frobenius reciprocity one finds:
S.
Indsg 1lg, ~ 15, ® X,

Ind§§ €95 ~ €5, D XES,,
Indgg1 A~ dxDxes,-

Every irreducible representation of S appears, confirming Corollary 5.21.

5.6 Exercises

Exercise 5.23 (Character table of Dy, n odd). Fix an odd integer n = 2m + 1 > 3 and let G = Dy,
be the dihedral group of symmetries of a regular n-gon, with p the rotation of angle 27 /n and 7 one
axial symmetry. Set H = (p) = Z/nZ; since Tpr ' = p~!, H is normal in G with index [G : H] = 2
and G/H = 7Z/27. The irreducible characters of H are x,: p* — e2miry/n gy e Z/nZ; note that
Z/nZ = {—m,...,0,...,m} without repetition.

1. Show that the conjugacy classes of G are {Id}, {p*, p=*} for k = 1,...,m, and one class
consisting of all n axial symmetries.

2. Use G/H = 7,/27 to write down two irreducible characters of G of degree 1. (Hint: inflate the
characters of the quotient to G via the projection G — G/H; see Remark 5.3.)

3. Fory € Z/nZ let 1, = Ind% x,.

(a) Compute the character values of 1, using the induced-character formula (Section 5.4). (Hint:
et + e % =2cost.)
(b) Determine the decomposition of Resg 1y into irreducible characters of H.

(c) Use Frobenius reciprocity (Section 5.5) to determine for which values of y the character 9,
is irreducible.

4. Write down the full character table of G.
5. Determine the centre Z(G) and the derived subgroup D(G).

(Solution)
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Exercise 5.24 (Character table of Dy, n even). Carry out the same programme as in Exercise 5.23 for
G = Dy, with n = 2m even. Note that the axial symmetries now fall into two conjugacy classes; you

may find Exercise 4.41 useful. (Solution)



Chapter 6

Fourier Analysis on Finite Groups

Classical Fourier analysis decomposes a periodic function on R as a sum of pure exponentials ¢2™"*_ The
same idea applies to finite groups: every function G — C expands uniquely in terms of matrix coefficients
of irreducible representations. For abelian groups this specialises to the classical discrete Fourier
transform; for non-abelian groups it yields a ring isomorphism C[G] >~ [] » Maeg »(C), recovering the
Wedderburn theorem from a Fourier-analytic viewpoint.

6.1 The Function Algebra L(G)

Definition 6.1. The function space L(G) = Map(G, C) is the C-vector space of all functions
G — C. It has dimension #G, with basis the delta functions §, (g € G), where

59(9”) = {1 =9

0 otherwise.

The space L(G) carries the inner product (a | b) = ﬁ > gec al9)b(g).
Definition 6.2 (Convolution). For a,b € L(G), the convolution a * b € L(G) is defined by

(axb)(@) =3 alay ") by).

yeG

The formula is forced by the requirement that d, * 6;, = d45,: convolution is the unique bilinear
extension to L(G) of the multiplication on C[G].

| Proposition 6.3. Forall g,h € G, 04 * 0, = dgp.

Proof. (64 * 0p)(x) = >_, 6g(zy~1)0n(y); the only non-zero term is y = h, which contributes
Sg(xh™1) = 1iffz = gh. O

Theorem 6.4. (L(G),+, %) is a unital ring with identity 01, isomorphic to C[G] viaeq — &4. Class
functions on G are exactly the elements of the centre Z(L(QG)).

Proof. Since 84 * 0, = 645, the assignment ey — 4 extends linearly to a ring isomorphism C[G] =
L(G). The characterisation of Z(L(G)) then follows from Proposition 4.18. O

42
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Remark 6.5. Under the isomorphism C[G] ~ L(G), the element ) Aseq corresponds to the
function a : g — A4, and the group ring multiplication corresponds to convolution. We will freely
switch between the two viewpoints.

6.2 Matrix Coefficients
Definition 6.6 (Matrix coefficients). Fix unitary representatives p(!), ... p(®) of all isomorphism
classes in Irr(G), with dj, = deg p*¥). The matrix coefficients of p(*) are the d? functions

PG —C, g pW(g)y, 1<i,j<dp.

In particular, x, = >, @Ef).
Theorem 6.7 (Schur orthogonality of matrix coefficients). For all k,[ and all index pairs (a,b),
(c,d),

Skt 8ac 0
(0% | %) = —

Equivalently, {\/@ (pg-ﬂ) }k i is an orthonormal set in L(G).

Proof. For any linear map A: V; — V, the average

-1
_ b (k) W) () —1
A #G;GGP (g) o Aop(g)

is G-equivariant, so by Corollary 3.3: A = 0 when k # [, and A = % id when k = [.
Apply this with A = FE,, the matrix with 1 in row b, column d, and zero elsewhere; note

tr Epq = 0pq. Since p is unitary, (p(g) ™) ge = pgg (9), and the (a, ¢)-entry of p¥) (g) Epq p® ()1

is p(k) (9) pg (¢). Reading off the (a, ¢)-entry of A therefore yields

ab
®) | O 1 ®) (N0 0 REL
(%b | %d) = IYE Z Pa, (9)Peq(9) = Gbq Oac b
geG dk — b
which is the claimed identity. O

Theorem 6.8 (Peter-Weyl theorem for finite groups). The functions {\/@ gog-g)}kij form an
orthonormal basis of L(G).

Proof. Orthonormality is Theorem 6.7. By Corollary 4.4, the total count is ), di = #G = dim L(G),
so they span. O
Corollary 6.9. Restricting to class functions (i.e. to wgklj) qpooor gogz)dk = X recovers the orthonormal

basis Irr(G) of the space of class functions.



CHAPTER 6. FOURIER ANALYSIS ON FINITE GROUPS 44

6.3 Fourier Analysis on Abelian Groups

For the rest of this section let G = {g1, ..., gn} be a finite abelian group of order n. All irreducible
representations are 1-dimensional, so Irr(G) = {x1, ..., xn} with each x;: G — C* a group homo-
morphism. The Peter-Weyl basis of L(G) reduces to Irr(G) itself.

Definition 6.10 (Fourier transform). The Fourier transform of f € L(G) is the function f :G—=C
defined by
f(gz)*an’f ZXz

geG

Theorem 6.11 (Fourier inversion). For any f € L(G),
1~ &
= n Z f(gz) Xi
=1

Proof. Expand f in the orthonormal basis {x;}: f = > ;,(xi | f)xi = 25, F(gi)xs. O

Theorem 6.12 (Convolution theorem). The Fourier transform satisfies a xb = a - b (pointwise
product). Consequently, it is a ring isomorphism

(L(G), +, %) — (L(G), +,- ),

or equivalently C|G]| ~ C" as C-algebras.

1

Proof. Setting z = xy ™" and using that y; is a homomorphism:

axblg) = D xil@) Y alay bly) =D bly) D xilzy) al2)

zeG yeG yeG zeG
= Z Xz Z Xz = b(gz) (gz)
yeG zeG

The Fourier transform is a vector space isomorphism by Fourier inversion, and it sends * to -, so itis a
ring isomorphism. The target ring (C”, -) is the product ring C X - - - x C, recovering the abelian case
of the Wedderburn decomposition. O

2mi/n

Example 6.13 (Discrete Fourier transform on Z,,). Take G = Z,, withw = e and xi(m) =

w*™ (Proposition 4.34). For f: Z, — C,

n—1 n—1
R =S wtmpm),  fm) = Wb AR,
m=0 k=0

These are the classical discrete Fourier transform (DFT) and its inverse. The convolution (ax*b)(m) =

Z?:_é a(m — 7) b(j) satisfies axb = a-b. The fast Fourier transform (FFT) computes f in

O(nlogn) operations by exploiting this algebraic structure.
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6.4 Cayley Graphs and Eigenvalues

Definition 6.14 (Cayley graph). Let G be a finite group. A subset S C G is symmetricif 1 ¢ S
and s € S = s~! € S. The Cayley graph T'(G, S) associated to a symmetric subset S has vertex
set G and an edge {g, h} whenever gh~! € S (equivalently, g~'h € 9).

Remark 6.15. The Cayley graph is #S-regular. It is connected if and only if S generates G.

Example 6.16. Take G = Z, and S = {1, 3}. Then I'(Zy, S) is the 4-cycle with adjacency matrix
0 1 1

A=

—_ o = O

1
0
1

2 = &

0
1
0

Theorem 6.17. Let G = {qg1,...,gn} be a finite abelian group, S C G symmetric, and A the
adjacency matrix of T'(G, S) (vertices in the order g1, . . ., gy). Then:

1. The eigenvalues of A are the real numbers \; = Z xi(s), 1 <i<n.
SES

2. An orthonormal basis of eigenvectors is v; = ﬁ(x, (g1), -+, xi(gn)T.

Proof. Let g = Y ,.g0s € L(G) and let F': L(G) — L(G), f = g * f, be convolution by 5. We
compute F' in two bases.

In the basis {dy, }. Direct calculation gives (Js * 6;)(9i) = > _scg 0sg; (i) = 1[gigj_1 € 5] = Ayj, so
the matrix of F' is exactly the adjacency matrix A.

In the basis {x;}. Since each x; is a homomorphism,

(65 % x)(z) = > x;(s 'z (Zx] >x] z).

sES seS

Using x;(s™') = x;(s) and S = S~!, the parenthesised sum equals \; := Y ¢ x;(s), which is real
because A; = >, x;j(s) = >, x;j(s71) = Aj. Hence Fx; = \jx;.
Combining the two pictures: A has eigenvectors x; with eigenvalues \;. Expressing x; in the

{64, }-basis gives the coordinate vector (x;(g1),- - -, X;(gn))?, which is orthonormal up to the factor
\/n by Peter-Weyl (Theorem 6.8). O
Corollary 6.18 (Circulant matrices). If A is the adjacency matrix of T'(Zy, S), then with w =
S its eigenvalues are N\, = ) g wks for k = 0,...,n — 1, with eigenvector vy =

f(l wk w2k . 7w(n—1)k)T‘

Example 6.19. Take G = Zg and S = {+1,42} with w = €2™/. The eigenvalues of the
adjacency matrix are
)\k:2cos%k+2cos%, k=0,1,...,5.
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6.5 Fourier Analysis on Non-Abelian Groups

For a non-abelian group G, the irreducible representations have degrees d;, > 1 and the Fourier
transform takes values in a product of matrix algebras.

Definition 6.20 (Non-abelian Fourier transform). Let p(!), ..., p(®) be unitary representatives of
Irr(G) with dy, = deg p®), and let n = #G. The Fourier transform of f € L(G) is the s-tuple

T(f) = (F(o™),..., F(*)) € HMdk

where f(p*)) is the dj, X dj, matrix with (i, j)-entry Z pgg) (9) f(9)-
geG

Remark 6.21. For abelian G, all dj, = 1 and f(p®)) = f(gi) € C, recovering Definition 6.10.

Remark 6.22 (Fourier transform of a delta function). For the delta function 4,4, the definition gives

®),; =3 még(az) = pgf) (9),

z€G

N

Y 5g(p(k)) = p(K)(g) (entry-wise conjugate of the matrix p(¥)(g)). Thus

T(6g) = (pM(g), .-, P (g))-

The tuple T(d4) packages the images of g under every irreducible representation; taking traces

gives tr(5 (p*)) = x&(g), i.e. the complex conjugates of the column of the character table at g.

Theorem 6.23 (Fourier inversion). Forany f € L(G) and g € G,

deZf zy QDZJ )

Proof. Expand f in the Peter-Weyl basis (Theorem 6.8):

f Z f ‘ \/>901 \/>§0U de f ‘ 901 SOZ] :

k’,l,j k’lmj

The coefficient is (f | (pg?)) =1 PO f(g)Pg'C) (9) = %f(ﬂ(k))ij. Evaluating at g gives the result. [

Example 6.24 (Fourier transform on S3). Let G = S3, n = 6. There are three irreducible unitary
representations:

« p: trivial representation, d; = 1;

« p?: sign representation, dy = 1, with p(® (0) = sgn(o);

. p®): standard representation, d3 = 2, acting on the subspace V = {x1+z2+23 =0} C C3
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by permuting coordinates. In the orthonormal basis u; = % (e1—e2), ug = % (e1+ea—2e3)

_ V3
2
_1>'
2

the matrices at three representative elements are

@ =(g 1), =7 1), p<3><<123>>=<

Take f = 6(12) € L(S3). Since all entries of p3) are real, Remark 6.22 gives

r=(L. 2o (3 1)

f(ﬂ(1>) f(P(Q)) —
Fp®)

|
w‘a DN —
w

The degree-2 component is a non-scalar matrix — a feature impossible for abelian groups.
We verify Fourier inversion (Theorem 6.23) at two points. At g = (12) (using only the diagonal
entries of f(p(®)), since off-diagonal entries are zero):

[1-(MQ) +1- (=1)(=1) +2((-1)(-1) + (1)(1))] = é(l +1+4)=1=f((12)). v

S| =

At g = (123) (where sgn((123)) = +1 and pﬁ)((123)) = pg2)((123)) —3):

S[1 1+ (=1) 14 2((-1)(=3) + ()(=1)] = (1 = 1+0) = 0= £((123)). v

| =

Theorem 6.25 (Wedderburn via Fourier). The Fourier transform T: L(G) — [[;_; Ma, (C) isa
ring isomorphism (with pointwise matrix multiplication on the right).

Proof. T' is a vector space isomorphism by Fourier inversion (it is injective and both spaces have
dimension ", d? = n). It remains to check T'(a * b) = T(a) - T'(b), i.e., a x b(p®)) = a(p™)b(p*))
for each k. Setting z = xy~! and using that p(*) is a homomorphism:

A b(p zp 0 Yale - 2H) )30 v a()
=Y by Zme )i (4 <z>=2a<p<’f>>imé<p<’f>>mj.
Yy

This is the (i, j)-entry of a(p*))b(p(¥)), as required. O

Remark 6.26. This is the Wedderburn decomposition C[G] =~ [] ¢y, ¢ Maegp(C) from Theo-
rem 4.15, now proved via Fourier analysis rather than module theory. The Fourier inversion
formula also recovers the isotypic projections of Theorem 4.24: the element 7, = degp Z Xp(9)eg

in C[G] corresponds to the tuple with the identity matrix in the p-slot and zero elsewhere

6.6 Exercises

Exercise 6.27 (DFT on Z3). Let f: Z3 — C be defined by f (k) = sin(27k/3) for k = 0, 1, 2. Compute
the Fourier transform f: Zz — C explicitly using Definition 6.10.
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(Solution)

Exercise 6.28 (Cayley graph of Zg). Let S = {+2, £3} C Zg (where +3 = {3} and +2 = {2,4}, so
S = {2,3,4}). Draw the Cayley graph I'(Zg, S) and compute the eigenvalues of its adjacency matrix
using Corollary 6.18.

(Solution)

Exercise 6.29 (Plancherel formula). Let G be a finite abelian group of order n with irreducible characters
X1, -- -, Xn> and let f denote the Fourier transform of Definition 6.10. Prove the Plancherel formula

(alt)="(alb)

for all a,b € L(G), where the inner product on the right is ( | b) = s, a(gi)b(gs).
(Solution)

Exercise 6.30 (Central idempotents). Let G be a finite group of order n, with unitary irreducible
representations p(1), ..., p(*) (degrees dy, characters ;). Define e;, € L(G) by ex(g) = %’“Xk(g).

1. Show thatif f € Z(L(Q)), then f(p®)) = 2 (f [ X&) La,. (Hint: f is a class function, so F(p™)
commutes with all p(¥)(g); apply Corollary 3.3 and take the trace.)

~ Id Z:k7
€i(ﬂ(k)) = {0 g ik

2. Deduce that

@ e ].’ and that each ey, is a central idempotent in (L(G), *).

3. Deduce that e; x e; = {O »
vt7

4. Deduce that ey + - - - + e5 = 01 (Hint: apply the Fourier inversion formula Theorem 6.23.)
(Solution)

Exercise 6.31 (Eigenvalues of Cayley graphs of non-abelian groups). Let G be a finite group of order

n, with unitary irreducible representations p(1), ... p(*) (degrees dy, characters x;). Let a € Z(L(G))

and define F': L(G) — L(G) by F(b) = a x b.

1. Show that each matrix coefficient 4,01(-’?) is an eigenvector of F' with eigenvalue 7-(a | xx). (Hint:
use Exercise 6.30(1) and the Fourier inversion formula.)

2. Conclude that F' is diagonalizable.

3. Let S C G be a symmetric subset satisfying gSg~! = S for all g € G (so that 65 € Z(L(G))),
and let A be the adjacency matrix of the Cayley graph I'(G, S). Show that the eigenvalues of A
are

1
)\k:dksezgx;g(s), k=1,...,s,

each with multiplicity d%.

4. Compute the eigenvalues (and multiplicities) of the adjacency matrix of the Cayley graph of S5
with S = {(12), (13), (23)}.
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(Solution)

Exercise 6.32 (Convolution and random variables). Let GG be a finite group and let X, Y be independent
G-valued random variables with probability distributions p,v € L(G), i.e. Pr[X = g] = u(g) and
Pr[Y = g] = v(g) for all g € G. Show that the product XY has distribution s * v.

(Solution)



Chapter 7

Burnside’s Theorem

In this chapter we prove one of the first major applications of representation theory: Burnside’s pg-
theorem, which states that a group of order p®q® (with p, ¢ prime) is never simple unless it is cyclic
of prime order. The proof requires a brief excursion into algebraic number theory, specifically the
arithmetic of algebraic integers and a touch of Galois theory of cyclotomic fields.

7.1 A Little Number Theory

Definition 7.1 (Algebraic integer). A complex number « is called an algebraic integer if it is a root
of a monic polynomial with integer coefficients: there exists p(z) = 2™ + a,_12""' 4+ --- + ag
with ag, ...,an—1 € Z and p(a) = 0.

Example 7.2 (nth roots). Let m € Z. The polynomial 2" — m is monic with integer coefficients,
so every nth root of m is an algebraic integer. In particular /2 is an algebraic integer, as is €27/";
in fact every nth root of unity is an algebraic integer.

Example 7.3 (Eigenvalues of integer matrices). Let A = (a;;) be an n X n matrix with integer
entries a;; € Z. The characteristic polynomial p4(z) = det(zI — A) is monic with integer
coeflicients, so every eigenvalue of A is an algebraic integer.

A rational number such as 1/2 satisfies 2z — 1 = 0, a polynomial with integer coefficients but
non-unit leading coefficient, yet 1/2 is not an algebraic integer. The requirement that the leading
coefficient be 1 is essential.

Proposition 7.4. A rational number r is an algebraic integer if and only if r € Z.

Proof. Every integer r satisfies z —r = 0, so integers are algebraic integers. Conversely, write r = m/n
with m,n € Z, n > 0, and gcd(m, n) = 1. Suppose  satisfies 2* + aj_12¥71 4 --- + ap = 0 with
a; € Z. Multiplying through by n*:

k—1

mF + ag—1m°~ n+---+ almnk_1 + aonk = 0.

k _ kfl)

Hence m —n(ap_ym* 1+ 4 agn ,son | m*. Since ged(m,n) = 1, we conclude n = 1 and
r=m € 4. L]

50
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A useful strategy for showing that an integer d divides an integer n is to show that n/d is an
algebraic integer; Proposition 7.4 then forces n/d € Z. For this to work, we need algebraic integers to
be closed under arithmetic operations, which we prove via the following characterisation.

Lemma 7.5. An elementy € C is an algebraic integer if and only if there exist yy, . .., y: € C, not

all zero, such that
t

YY; = Zaijyj foralll <i<t,
j=1

with a;; € 7 (i.e. yy; is an integral linear combination of y1, . .., y; for each ).

Proof. Suppose ¥ is an algebraic integer, a root of p(z) = 2" +a,_12" "' +- - -+ ap. Take y; = y*~! for
1<i<n Thenyy =y’ = yipr1 for1 <i¢<n—1,andyy, = y" = —apy1 —a1y2 — - — Gn—1Yn
(since y satisfies p). Since y; = 1 # 0, the elements are not all zero.

Conversely, suppose such yi, ...,y exist. Let A = (a;;) and Y = (y1,...,3) € C'. The
condition reads [AY]; = >, a;;y; = yy; = y[Y];, so AY = yY. Since Y # 0, y is an eigenvalue of
the ¢t X ¢ integer matrix A, hence an algebraic integer by Example 7.3. O

Corollary 7.6. The set A of algebraic integers is a subring of C. In particular, sums and products of
algebraic integers are algebraic integers. Moreover, the complex conjugate of an algebraic integer is an
algebraic integer.

Proof. If p(z) is monic with integer coefficients and p(a)) = 0, then (—1)"p(—z) is a monic polynomial
with integer coefficients vanishing at —a, so —a € A.

Let y,4' € A and choose witnesses y1,...,y; and y},...,y. as in Lemma 7.5. The products
{viy, : 1 <i<t, 1 <k < s} are not all zero. For the sum:

W+ ) vivk =¥ - Ve + VUL Vi = D aitivh + D breyiui,
J l

an integral linear combination of the products y;y;, so y + ' € A by Lemma 7.5. For the product:
vy - yivk = (yui) (W'ui,) = (Z aijyj) <Z bkzyé) =" aijbre vy,
J ¢ Jt

so yy' € A. For conjugation: if p(a) = 0 with p(z) = 2" 4+ a,_12" "' +--- +agand a; € Z C R, then
p(@) = p(a) = 0. O

7.2 The Dimension Theorem

The connection between algebraic integers and representation theory begins with the following obser-
vation.

Corollary 7.7. Let x be a character of a finite group G. Then x(g) is an algebraic integer for all
g € G.

Proof. Let ¢: G — GL,,(C) be a representation with character x. By Lemma 3.22, ¢ is diagonalizable
with eigenvalues Ay, ..., A\, that are nth roots of unity (where n = #G). Roots of unity are algebraic
integers (Example 7.2), and A is closed under addition (Corollary 7.6),s0 x(¢) = A1+ -+ A, € A, O
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Remark 7.8. The proof shows that x(g) is a sum of exactly deg ¢ roots of unity of order dividing
#G'. We shall use this precision later.

The key algebraic fact needed for the dimension theorem is:

Theorem 7.9. Let ¢ be an irreducible representation of G of degree d, let g € G, and let h = #C
where C' is the conjugacy class of g. Then (h/d) x,(g) is an algebraic integer.

Proof. Let C'q, ..., C be the conjugacy classes of G with sizes h; = #C}, and let y; denote the value
of x, on Cj. For each i define the class sum

Ti= Y ¢, € End(V).
zeC;

We establish two claims.
hixi 7

Forany g € G, gogTigog_l =Y vec, Porg—t = dyec; Py = Ti (since C is stable under conjugation).
Thus T; commutes with all ¢4, so by Corollary 3.3 we have T; = AI for some A € C. Taking traces:
A\ = tr(T3) = Y e, Xi = hixi, giving A = hix;/d.

Claim 2. T;T; = Zzzl a;jk Ty for non-negative integers a;;y.
Direct computation gives T;T; = 3 . aijq pg Where a;jg = #{(2,y) € C; x C; : xy = g}.

Claim 1. T; =

If ¢ = kgk™!, the map (z,y) — (kzk~', kyk™!) is a bijection from {zy = g} to {zy = ¢’} inside
C; x Cj}, so ajjq depends only on the conjugacy class of g. Writing a;;, for the common value on Cj,
gives ;T = > ) a;jiTk.

Conclusion. Set 8, = hgxy/d for k = 1,...,s. Substituting Claim 1 into Claim 2 gives ;[ =
Zj a;;3; for each 4, k. Fixing ¢, the elements 31, ..., 3, satisfy 3; - B, = Zj a;; 3, an integral linear
combination of 51, ..., f,. Since 31 = hix1/d = 1-d/d = 1 # 0, the 3; are not all zero. By Lemma 7.5,
each 8; = h;x;/d is an algebraic integer. O

Theorem 7.10 (Dimension theorem). Let ¢ be an irreducible representation of a finite group G of
degree d. Then d divides #G.

Proof. Write n = #G. By the first orthogonality relations (Theorem 3.35), (x,, X)) = 1, i.e.
N7y Xel9)
ad- Z Xe(9) - 4
geG

Grouping by conjugacy classes C'1, . . ., Cs with sizes h; and character values y;:

Each h;x;/d is an algebraic integer by Theorem 7.9; each Xj; is an algebraic integer by Corollary 7.7
and Corollary 7.6. Since A is a ring, each summand is algebraic, and so is the sum n/d. Being rational,
Proposition 7.4 gives n/d € Z, i.e. d | n. O

Corollary 7.11. If #G = p? for a prime p, then G is abelian.
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Proof. Eachirreducible degree d; divides p?, sod; € {1,p,p?}. If d; > pfor some i, then alz2 > p? = #G,
leaving " ki d? = 0 (impossible since the trivial representation contributes d; = 1). Hence all d; = 1.
Then # Irr(G) = Y, 1 =Y. d? = p? = #G, so by Theorem 4.21 there are p* conjugacy classes and
p? elements; every conjugacy class is a singleton, meaning every element is central. Thus G = Z(G) is
abelian. O

Recall that the commutator subgroup G’ of G is the subgroup generated by all commutators
g 'h~lgh with g, h € G. It is normal, G /G’ is abelian, and if NAG with G/N abelian then G’ C N.

Lemma 7.12. The number of degree-one irreducible representations of G equals |G : G'], and this
number divides #G.

Proof. A degree-one representation p: G — C* has abelian image, so G’ C ker p and p factors as
p =1 om, where m: G — G/G is the quotient map and 1 is a degree-one representation of G/G’.
Conversely, every degree-one representation of G/G’ pulls back to one of G this way. Since G /G’ is
abelian, by Corollary 4.23 all of its irreducible representations have degree one, and by Theorem 4.21
there are #(G/G’) = [G : G'] of them. Finally, [G : G'] divides #G by Lagrange’s theorem. O

Corollary 7.13. Let p < q be primes withq # 1 (mod p). Then every group of order pq is abelian
(hence cyclic).

Proof. Letdy,...,ds be the irreducible degrees. Each d; divides pq and satisfies d? < pg; since p < q,
both ¢® > pq and (pq)? > pq, so d; € {1, p}. Let m be the number of degree-1 representations and
r the number of degree-p representations. Then m + p>r = pq, so p | m. By Lemma 7.12, m | pg;
combined with p | m, we get m € {p,pq}. If m = p, then p>r = p(q — 1), giving pr = q — 1, ie.
p | ¢ — 1, meaning ¢ = 1 (mod p), contrary to hypothesis. Hence m = pq and G is abelian. t

7.3 Burnside’s Theorem

The proof of Burnside’s theorem uses Galois theory of cyclotomic fields. We develop what we need
from scratch.

Recall from Remark 7.8 that x,(g) is a sum of d = deg ¢ roots of unity of order dividing n = #G.
The following elementary lemma controls the absolute value of such sums.

Lemma 7.14. Let A1, ..., \g be roots of unity. Then |A1 + - - - + A\g| < d, with equality if and only
ifAa ==\

Proof. The triangle inequality gives |A\1 + - - - + Ag| < |A\1] + - - 4+ |Ag| = d. Equality holds if and only
if all non-zero summands point in the same direction, i.e. all A\; are non-negative real multiples of the
same complex number. Since |\;| = 1, this forces \; = --- = A, O

Let w = ™/ and let T’ = Gal(Q[w]/Q) be the group of all field automorphisms o : Q[w] — Q[w]
that fix Q pointwise. By the fundamental theorem of Galois theory, |I'| = ¢(n) (Euler’s totient function)
andI' = Z7.

Lemma 7.15. Let p(z) be a polynomial with rational coefficients and let o € Q[w] be a root of p.
Then o(«) is also a root of p for every o € T
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Proof. Write p(z) = 3_ ay2* with a;, € Q. Then p(c(a)) = 3 aro()* = o(3 ara®) = o(p(a))

Ol

0(0) = 0, using o (ag) = ai, since aj € Q.
| Corollary 7.16. If « is an nth root of unity then o(«) is an nth root of unity for every o € T
Proof. Apply Lemma 7.15 to p(z) = 2" — 1. O

| Corollary 7.17. If o € Q[w] is an algebraic integer and o € T, then o(«) is an algebraic integer.

Proof. « is a root of a monic polynomial p with integer coefficients; o(«) is also a root by Lemma 7.15.
O

We use the following two standard results from Galois theory without proof.

| Theorem 7.18. Let o € Q[w]. Then o(a) = « for all o € T if and only if o € Q.

Corollary 7.19. For any a € Q|w], the product H o(a) lies in Q.
oel’

Proof. For any 7 € I', applying 7 permutes the factors: 7([], o () =[], 7o(a) = [1, p(@). Hence
the product is fixed by all 7 € I' and belongs to Q by Theorem 7.18. O

The following theorem is the key technical engine of Burnside’s argument.

Theorem 7.20. Let G have order n, let C be a conjugacy class of G, and let p: G — GL4(C) be
an irreducible representation with gcd(#C, d) = 1. Then for every g € C, either p, = X for some
A e C* orxe(g) =0.

Proof. Set x = x, and h = #C. Since ged(h, d) = 1, choose integers k, j with kh + jd = 1. Define

a=k: gx(g) +jx(g) = x(dg)'

This is an algebraic integer: (h/d)x/(g) is algebraic by Theorem 7.9, x(g) is algebraic by Corollary 7.7,
and A is a ring (Corollary 7.6).

Since ¥ is a class function, it is either zero on all of C' or on none. It therefore suffices to show: if
(g is not a scalar matrix, then x(g) = 0.

Assume ¢, # Al for all \. By Lemma 3.22, ¢, is diagonalizable with eigenvalues A1, ..., A\ that
are nth roots of unity, hence in Q[w]. Since g is not scalar, the A; are not all equal, so Lemma 7.14
gives |x(¢g)| < d, hence |a| < 1.

Forany o € I': o(a) = o(x(9))/d = (6(A1) + - -- + o(Aq))/d. By Corollary 7.16, each o (\;) is
an nth root of unity. Since o is injective and the \; are not all equal, neither are the o(\;); another
application of Lemma 7.14 gives |0 ()| < 1. By Corollary 7.17, o(«) is an algebraic integer.

Therefore ¢ = ], . o(a) is a product of algebraic integers each of modulus < 1, so g is an algebraic
integer with |¢| < 1. By Corollary 7.19, ¢ € Q, and by Proposition 7.4, ¢ € Z. Since |q| < 1, we get
g = 0, hence o(a)) = 0 for some o. Since o is a field automorphism, o = 0, i.e. x(g) = 0. O

Lemma 7.21. Let G be a finite non-abelian group. If G has a conjugacy class C' # {1} with #C a
power of a prime p, then G is not simple.
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Proof. Suppose for contradiction that G is simple. Let (1), ... »(*) be the irreducible representations
of G with Lp(l) trivial, characters x1,..., Xs, and degrees dy = 1,ds,...,ds. For k > 2, the kernel
ker ¢(®) is normal in G. By simplicity it is {1} or G; since ¢¥) is non-trivial, ker (¥} = {1}, so p(*)
is injective. Since G is non-abelian and C* is abelian, d;, > 1 for all £k > 2. Since G is simple and
non-abelian, Z(G) = {1}, so #C = p' with t > 1.

Fix g € C, so in particular g # 1. We claim that for every k > 2 with p t di, xx(g9) = 0.

Indeed, ged(#C, d) = ged(pt, di) = 1, so Theorem 7.20 applies: either goék) = M or xx(g) = 0.
In the first case, the set Z, = {z € G : gp&k) is scalar} is the preimage of Z(GLg, (C)) under (¥,
hence a normal subgroup of G. Since ¢(*) is irreducible of degree dj, > 1, it cannot have scalar image,
so Zy, # G by simplicity, Z; = {1}. But @ék) scalar means g € Zj, = {1}, contradicting g # 1. So the
second case must hold, i.e. xx(g) = 0.

The character of the regular representation (Theorem 4.3) satisfies x1,(g) = 0 for g # 1:

0=14 dixr(9) =1+ dixi(g).

k=2 k>2
pld
Dividing by p:
dy, 1
Z — xk(9) = ——.
i>2 P D

pldy

The left side is a sum of integer multiples of algebraic integers, hence an algebraic integer. Being
rational, Proposition 7.4 forces it to be an integer. But —1/p ¢ Z — a contradiction. O

Theorem 7.22 (Burnside’s pg-theorem). Let G be a group of order p®q® with p, q prime. Then G is
not simple unless it is cyclic of prime order.

Proof. An abelian group is simple if and only if it is cyclic of prime order. So we may assume G is
non-abelian.
If a = 0 (or b = 0), then G is a p-group (or g-group). A non-trivial p-group has non-trivial centre
Z(G), which is a proper non-trivial normal subgroup when G is non-abelian, so G is not simple.
Suppose a,b > 1. By Sylow’s theorem, G has a Sylow g-subgroup H of order ¢”. Choose 1 # ¢ €
Z(H) (possible since Z(H) # {1} as H is a non-trivial ¢g-group). Every element of H commutes with
g,s0 H C C¢(g), and by orbit-stabiliser for the conjugation action,

#Cy =[G : Ca(9)] | [G : H] = p".

Thus #Cy = p! for some 0 < t < a. Since g # 1, we have Cy # {1}. By Lemma 7.21, G is not
simple. O

Remark 7.23. Burnside’s theorem is often stated in the equivalent form: every group of order p®q®
is solvable. This follows by induction: a non-simple group has a proper normal subgroup /N, and
both N and G//N have orders of the form pa/qb/ witha’ < a, b < b, and #N < #G, so they are
solvable by induction, and hence so is G.



CHAPTER 7. BURNSIDE’S THEOREM 56

7.4 Exercises

Exercise 7.24 (Group of order 39). Let GG be a non-abelian group of order 39 = 3 - 13.

1. Determine the degree of every irreducible representation of G and how many irreducible repre-
sentations of each degree G possesses. (Hint: note that 13 =1 (mod 3), so Corollary 7.13 does
not rule out a non-abelian group of this order. Use Theorem 7.10 and Corollary 4.4 to constrain
the possible degrees.)

2. Determine the number of conjugacy classes of G.
(Solution)

Exercise 7.25 (Non-solvable groups of order p®q®). Prove that if there exists a non-solvable group
of order p®q® (with p, ¢ prime), then there exists a simple non-abelian group of order p“/qb/ for some
a <a b <b.

(Solution)

Exercise 7.26 (Kernel via characters). Let ¢: G — GL4(C) be a representation with character x.
Prove that g € ker ¢ if and only if x(g) = d. (Hint: use Lemma 3.22 and Lemma 7.14.)
(Solution)



Appendix A

Solutions to Exercises

A.1 Chapter 1
Solution to Exercise 1.29.

1. Since dim V' = 1, the only subspaces of V' are {0} and V itself, so p has no proper nonzero
subrepresentations; hence p is irreducible. Every irreducible representation is indecomposable.

2. (=) If W is a subrepresentation it is stable under every p(g), so p(g)(v) € W = Kwv, hence
p(g)(v) = pgv for some gy € K. Thus v is an eigenvector of every p(g).

(<) Suppose p(g)(v) = pgv forall g € G. Forany w = Av € W and g € G, p(g)(w) =
Ap(9)(v) = Apugv € W. So W is stable under all p(g).

3. Weinduct on dim V. If dim V' = 1, take V itself. Suppose dim V" > 1.

If every p(g) acts as a scalar, then any nonzero v € V' is a common eigenvector of all p(g), and
Kwv is a degree-1 subrepresentation.

Otherwise pick gg € G such that p(gp) is not scalar. Over C its characteristic polynomial has a
root A\; let W = Ker(p(go) — Aidy). Then 0 < dimW < dim V. Forany g € Gandv € W:

p(90) (p(9)(v)) = p(g0g)(v) = p(gg0)(v) = p(g) (p(g0)(v)) = Ap(g)(v),

using that G is abelian. So p(g)(v) € W, making W a subrepresentation. By the induction
hypothesis, W contains a degree-1 subrepresentation of V.

Remark A.1. This shows that over C, every representation of an abelian group of degree > 1 is
reducible. We will see later that if GG is finite, every such representation decomposes as a direct
sum of degree-1 representations.

Solution to Exercise 1.30.

1. Using the standard basis (e; pointing right, es pointing up):

s = (5 ) on=(7 ) =5 %) =0 o).
=5 &) o= (30 wo=( o) =5 )

57
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2. All eight matrices are distinct, so p is injective, i.e. faithful.

3. Since deg p = 2, any proper nonzero subrepresentation has degree 1, and by part (2) of Exer-

p(r)

irreducib

eigenline for all p(g) would also have to be an eigenspace of p(t) =

cise 1. 29{613 re
ang

reg ires a common eigenvector of all p(g). But the characteristic polynomial of

z is 22 4 1, with no real roots. So no common eigenvector exists, and p is
decomposable).

4. Over C the previous argument fails since p(r) now has eigenvalues +i. waeﬁe , any common

eigenspaces are the coordinate axes. Neither coordinate axis is an eigenline of ps)
(whose eigenvectors are proportional to (1,£1)"). So pc is still irreducible.

10

WhO(S on

Remark A.2. This shows that the commutativity hypothesis in part (3) of Exercise 1.29 is necessary:
Dy is non-abelian, yet pc is an irreducible complex representation of degree 2.

Solution to Exercise 1.31.
Let T,U € Homg(V1, Vo), A € K, g € G, v1 € V1. Then

(T +U)(p1(g)(v1))
and (AT')(p1(g)(v1

lie in Homg (V3, V2).

Solution to Exercise 1.32.

=T (p1(g)(v1)) + U(p1(9)(v1)) = p2(9)(T(v1)) + p2(9)(U(v1)) = pa(g) (T + U)(v1)),
N = AT(p1(9)(v1)) = A pa(g)(T(v1)) = p2(9)(AT)(v1)). So T + U and AT both

1. Since deg A = 2, if reducible it would have a degree-1 subrepresentation spanned by a common

eigenvector. The matrix of (123) has characteristic polynomial 2 + z + 1, which has nega-
tive discriminant, so (123) has no eigenvectors over R. Hence A is irreducible and therefore
indecomposable.

Remark A.3. In fact A is irreducible even over C: the matrix of (12) has eigenvalues £1 with
eigenvectors v, = (1,0)" andv_ = (1, —2)T, but neither is an eigenvector of the matrix of
(123).

. Let 0 = (123), 7 = (12), and let u span 1 while (e, e2) is the standard basis of /. Define
f:1@® A — Perm by

1 1 -1
flwy=11], fle)=|1 [, flea)=1] 2
1 9 1

The change-of-basis determinant equals 9 # 0, so f is invertible. One verifies equivariance on
generators o, 7 and basis vectors:

« flou) = f(u) = of(u), since (123) fixes (1,1,1)

. f(re1) = f(e1) = 7f(e1), since (12) fixes (1,1,—2)T.
. floer) = f(—er+e) =(-2,1,1)T =0(1,1,-2)".
e f(rez) = fleg —e2) = (2,—1,-1)T =7(~1,2,-1)T.
« floez) = f(—e1) = (-1,-1,2) " = o(-1,2,-1)".

Thus f: 1 ® A = Perm is an isomorphism of representations.
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Solution to Exercise 1.33.

Let S = <_1 _1) be the matrix of (123) and T' = <1 1

1 0 0 -1
Irreducibility of A.
Case p = 2: The only eigenvalue of T is 1 = —1, with eigenspace spanned by v, = (1,0)". Since
Sv, = (—1,1)T is not a scalar multiple of v, no common eigenvector exists and A is irreducible.

Case p # 2: T has distinct eigenvalues +1, with eigenvectors vy = (1,0)" andv_ = (1, -2)".

) the matrix of (12).

« Sv; = (—1,1)": not collinear to v, for any p (second coordinate is 1 # 0).

« Sv_ = (1,1)": collinear to v_ = (1,—2) " iff =2 = 1 in Z/pZ, i.e. p = 3.
Thus:

« p > 5: no common eigenvector; A is irreducible (and indecomposable).

« p = 3: v_ spans the unique degree-1 subrepresentation, so A is reducible. Since there is only one
such subrepresentation, /A cannot split as a sum of two degree-1 pieces and is indecomposable.

« p = 2: A is irreducible (and indecomposable).

Isomorphism Perm ~ 1 @ A.

The map f from Section A.1 is a morphism of representations over any field (the equivariance
checks are purely algebraic). It is an isomorphism iff det f =9 # 0 in K, i.e. p # 3.

For p = 3: Perm is indecomposable, so Perm 2 1 & A. To see this, let M denote the permutation
matrix of (123). Its characteristic polynomial is 23 — 1 = (z — 1)3 over F3, so 1 is the only eigenvalue
and the eigenspace is the line I = span{(1,1,1) "} (one checks dim Ker(M — I) = 1). Any degree-2
subrepresentation P complementary to L would be a (123)-stable hyperplane. Dually, P = Ker ¢
for some linear functional ¢ with ¢ o M = ¢, i.e. ¢ is an eigenvector of M | for eigenvalue 1. The
same eigenvalue analysis applied to M " gives ¢ € span{(1,1,1)},s0 P = {x + y 4+ z = 0}. But
1+14+1=0in2Z/3Z,so (1,1,1)" € P, giving L C P and contradicting L N P = {0}.

A.2 Chapter 2
Solution to Exercise 2.21.

1. We must show that the formula (A, m + N) — (Am) + N is independent of the representative of
m+N.Ifm+ N =m/+ N, thenm’ = m+n forsomen € N,so Am’ = \(m+n) = Am+ An.
Since N is a submodule, An € N, so (Am/) + N = (Am) + N. The module axioms for M /N
follow immediately from those of M (they are equalities in M, hence also in M /N).

2. Let f: M — M’ be a morphism. Then Ker f is a submodule of M, so the quotient module
M/ Ker f is defined by the previous part. Define

f': M/Ker f — Im f, m+Kerf+— f(m).

This is well-defined: f(m) € Im f by definition, and if m+Ker f = m/+Ker f thenm’ = m+k
for some k € Ker f, so f(m') = f(m) + f(k) = f(m). It is a morphism (since f is) and
surjective (by definition of Im f). It is injective: if f'(m + Ker f) = f(m) = 0 then m € Ker f,
som + Ker f =01in M/ Ker f. Hence f’ is an isomorphism.
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Solution to Exercise 2.22.
1. Let m € M,_;. Since the sequence is exact, f;(m) € Im f; = Ker fi11, so fiy1(fi(m)) = 0.

2. The sequence 0 % N L Mis exact if and only if Im(0) = Ker f; but Im(0) = {0}, so this holds
if and only if f is injective. Similarly, M ENYe) % 0 is exact if and only if Im g = Ker(0) = Q,
i.e. g is surjective.

3. Take Q = M/N and g: M — M/N the projection. Then f (the inclusion) is injective, so
Ker f = {0} = Im(0); g is surjective by construction, so Im g = @) = Ker(0); and Im f = N =
Ker g by definition of the quotient projection.

4. Take R = Z, M = Z/AZ, N = 2Z/AZ ~ 7/2Z. By Section A.2, M/N =~ Z/2Z, so the
sequence 0 — Z /27 — 7Z/4Z — Z/2Z — 0 is short exact. However, Z/AZ % 7./27 & Z/2Z as
Z-modules: the former has an element of order 4, while the latter does not.

5. Assume M = Im f & M’ for some submodule M’ C M. The restriction g|p;: M’ — Q is a
morphism. Its kernel is M’ N Kerg = M’ NIm f = {0} (the sum is direct and g is exact). It
is surjective: for any ¢ € @ pick m € M with g(m) = q (possible since g is surjective), write
m = i+ m' withi € Im f and m’ € M’; then g(m') = g(m) — g(i) = ¢ — 0 = ¢ since
Im f C Kerg. So g|p: M’ = Q is an isomorphism; its inverse g’: QQ — M’ C M satisfies
g o g = idg, giving right-splitting.

For left-splitting: since f is injective it restricts to an isomorphism f: N = Im f. Let m: M —
Im f be the projection onto Im f along M’ (ie. w(i + m’) = i fori € Im f, m’ € M’). Then
f'=ftom: M — N is amorphism satisfying f’ o f = idy.

6. Given f': M — N with f'o f =idy.LetT = fo f': M — M.ThenT? = fo flofo f =
foidy of’ =T, so T isaprojectorand M = Im T'@®Ker T. We show Im 7" = Im f: the inclusion
ImT C Im f is clear. Conversely, if i = f(n) € Im f then T'(f(n)) = f(f'(f(n))) = f(n) =1,
so ¢ € ImT. Thus Ker T is a supplement of Im f.

7. Given ¢': Q — M with go ¢’ = idg. Let U = g’ 0 g: M — M. From g o ¢’ = idg we get
U?=gogogog=goidgog="U,so M =ImU @ KerU. We show Ker U = Im f: if
m € Im f then m € Ker g by exactness (part 1), so U(m) = ¢'(g(m)) = ¢'(0) = 0, giving
Im f C Ker U. Conversely, if U(m) = ¢'(g9(m)) = 0 and ¢’ is injective (it has left inverse g),
then g(m) = 0, so m € Ker g = Im f by exactness. Thus Im U is a supplement of Im f = Ker U.

Solution to Exercise 2.23.
Throughout we use: a module is semi-simple if and only if every submodule admits a supplement.

1. Let M be semi-simple and N C M a submodule. Let P C N be a submodule; since P C M and
M is semi-simple, there exists S C M with M = P & S. Set S’ = S N N; this is a submodule
of N. For any n € N C M write n = p + s uniquely with p € Pand s € S. Since P C N, we
have s=n—p€ N,sos € SN N = 5. Hence N = P® S, showing N is semi-simple.

2. Since M is semi-simple, the submodule Ker f C M admits a supplement M’, so M = Ker f@M’.
The restriction f|ps: M' — Im f is an isomorphism (injective since Ker(f|y;/) = M'NKer f =
{0}; surjective by definition of Im f). Thus Im f ~ M’, which is semi-simple by part 1.
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3. View V and W as K[G]-modules; they are Artinian since a strictly descending chain of sub-
modules would be a strictly descending chain of K-subspaces, which cannot be infinite. The
morphism f is a K [G]-module morphism. Since V' is semi-simple, Ker f (a submodule of V) is
semi-simple by part 1, and Im f (a submodule of W, isomorphic to V/ Ker f) is semi-simple by
part 2.

Solution to Exercise 2.24.

1. Forall h € G,

ehE:ehZeg:Zehg:Zeg:E,

geG geG geG
since g — hg is a bijection G — G.

2. Forany ) . Ageq € K[G] we compute
(D Aes)= =D Aglegm) = 3 A= = (Do )T €8,
geG geG geG geG

Since S is also an additive subgroup of K[G], it is a sub-K [G]-module.

3. S has K-dimension 1 and the action of any e; on X is the identity (by part 1), so GG acts trivially
on S. Hence S is the trivial representation 1.

4. Using part 1 applied to each e:
2= (Deg)T =D (eT) = Y T =n%,
geG geG geG
Since n = 0 in K, we get ¥.2 = 0.
5. In any ring, (1 — x)(1 + z) = 1 — 2%, Applying this with z = \X:
1= AD)1+AD)=1-A*%2=1-0=1,
and similarly (1 + AX)(1 — AX) = 1. So 1 — AX is invertible with inverse 1 + \X.

6. Suppose for contradiction that K [G] is semi-simple (as a K[G]-module). Since K[G] is finite-
dimensional over K, it is Artinian, so the submodule S admits a supplement: K[G] = S & T for
some submodule 7. Write 1 = m + ¢ uniquely withm = AX € Sandt =1—AX € T. By part 5,
t is invertible, so there exists u € K[G] with ut = 1. Then ¥ = ¥ - 1 = ¥(ut) = (Xu)t. Since

T is a submodule and t € T', we have (Yu)t € T,so ¥ € T.But ¥ = 1- ¥ € S, contradicting
SNT ={0} (as X # 0).

A.3 Chapter 3

Solution to Exercise 3.42.

1. We compute
1

1
(Xﬂ"1):%ZXW<9>.1:%Z#F1XQ>07

geG geG
so 7 contains at least one copy of 1. By Maschke’s theorem there exists a complementary
subrepresentation p with m ~ 1 & p.
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Remark A.4. Concretely, since G permutes the elements of X, the vector )y e, € C[X]
is fixed by every g € GG and spans a copy of 1 inside 7.

2. Write x, = X — 1. Since 1 is irreducible,

(Xﬁ|1):(X7r|1)_(1|1)—_1+7Z#F1X97

geG

which equals one less than the number of orbits (by the orbit-counting formula). Hence (x/, |
1) = 0 if and only if there is exactly one orbit, i.e. the action is transitive.

3. We have p irreducible iff (x, | x,) = 1. By sesquilinearity, using transitivity (so (xr | 1) = 1):

(XP|XP):(XW_1|XW_1):(X7T|X7r)_2(X7T|1)+1__1+7Z # Fix g)*
geG

Consider the diagonal action of Gon X x X by g - (x,y) = (¢ x,9 - y). An element g fixes
(w,y) iff it fixes both = and y, so # Fixyxx g = (# Fixy g)?. By the orbit-counting formula,
(Xp | Xp) equals the number of orbits of G on X x X minus 1.

The diagonal A = {(z,z) | + € X} is G-stable and, since G acts transitively on X, forms a
single orbit. Its complement X x X \ A consists of pairs (x,y) with 2 # y. The action of G on
X x X \ A is transitive if and only if the original action is doubly transitive. Therefore: if G
acts doubly transitively on X, there are exactly two orbits on X x X, giving (x, | x,) = 1 and
p irreducible; conversely, if not doubly transitive, there are more than two orbits and p is not
irreducible.

Remark A.5. This shows in particular that for n > 2 the symmetric group 5, has an irreducible
character of degree n — 1: the complement of 1 in the permutation representation of S, on
{1,...,n} is irreducible, since S, acts doubly transitively on {1,...,n}.

Solution to Exercise 3.43.

1. The map T is the action of the element > . f(g) ¢4 € C[G] on the C[G]-module V. Since
[ is a class function, this element lies in the centre of C[G], so Ty commutes with every p(h)
(h € G),ie. Ty € Endg(V). Since V is irreducible, Schur’s lemma (Corollary 3.3) gives
Endg(V) = {Aidy | A € C},s0 Ty = X idy for some A € C.

2. Taking traces on both sides: tr 7y = Adim V' = A deg p. On the other hand, by linearity of the
trace,

trTf:Zf( ) trp(g Zf =#G(f | X),

geG geqG
where X(g) = x(g) is the pointwise complex conjugate (the character of the contragredient of p),
and we used the definition (f | }) = #G >gec F(9x(g) = ﬁ >_gec f(9)x(g)- Therefore

#G
deg p

A= (f 1%)-

Solution to Exercise 3.44.
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1. By Corollary 3.24, x(g7') = x(g) for every character x and every g € G.

<) Suppose ever € G is conjugate to ¢ . Since Y is a class function,
pp Y9 jug g X

x(9) = x(9™") = x(9),
so x(g) € R forall g.

(=) Suppose every character of (G is real-valued, and let ¢ € G. Since all characters are real,
x(g71) = x(g9) = x(g) for all x € Irr(G). Therefore

Y x@xtgHh= D, x(@*=1"=1>0,

x€E€Irr(G) x€lrr(G)

where the last inequality uses the trivial character. By Theorem 4.28, the left-hand side equals

#G /#C, if g and g~ ! lie in the same conjugacy class Cy, and 0 otherwise. Since the sum is

positive, g must be conjugate to g~ ..

2. For any g € S, the permutation g~! has the same cycle decomposition shape as g (with the
order inside each cycle reversed), so g and g~ ! are conjugate in S,,. By part 1, every character of
Sy, is real-valued.

For Ay: by Section A.4(2), the elements (123) and (132) = (123)~" are not conjugate in A. By
part 1, A4 therefore has characters that are not real-valued (namely ¢ and ¢ from the character

table of Ay).

A4 Chapter4

Solution to Exercise 4.38.

1. The identity 1¢ is conjugate only to itself, so it lies in the unique conjugacy class of size 1. Since
(] is the only class of size 1, we have 14 € C.

2. The degree of a character equals its value at 1 (the trace of the identity matrix). Hence deg ¢ =
#(1g) = 6 and degy) = ¢(1g) = 21.

3. Since conjugacy classes partition G:

#G =14+15+40+90 + 45 + 120 4 144 + 120 4+ 90 + 15 + 40 = 720.

4. We compute

(¢19) =

11

1 1

=0 § #C;|o(C))1* = %(1~36+15~4+0+0+45-4+120-4+144~1+120~1+0+15-4+40-9) =2.
j=1

Since (¢ | ¢) # 1, the representation is not irreducible. Writing ¢ ~ @le pi™ with the p;

irreducible and pairwise non-isomorphic, we get > n? = 2,s0 k = 2 and ny = ns = 1: ¢ is the
direct sum of two non-isomorphic irreducible representations.

To identify them, observe that the trivial character 1 is an irreducible character of G, and

1

= 735 (6+30+0+0+90+240+144+120+0-30+120) = 1.

1 11
(611) =5 > #C5(Cy) 1
j=1
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So one of the two irreducible summands is 1. The other, call it £, has degree deg ¢ — deg1 =
6 —1=2>5,and £ = ¢ — 1 (as class functions).

5. We first show 1) is not irreducible: a similar computation gives (¢ | 1) = 2, so ) also decomposes
as the direct sum of two non-isomorphic irreducibles. Computing (¢ | £) = 1 shows that one of
those irreducibles is p¢; the other is p,, where n = ¢ — { = 1) — ¢ 4 1 is an irreducible character
of degree deg ) — degé =21 — 5 = 16.

The values of n = ¢ — ¢ + 1 are:

[C1 Cy C3 Cy C5 Cg Cr Cg Cy Cip Cn
nf166 0 -2 0 0 0 1 0 0 0 -2

By Theorem 4.24, the projector onto the isotypic component of p,, is

d
egnz eg = 720(1626g—2269+269—2269)

geG g€C1 9603 geCr geCi1
45 45 Z €g + 45 Z €9 — Z €g-
geCr 96011

6. Since £ = ¢ — 1 is real-valued, the character of the representation Hom(pg, pe) is €€ = &2
(see Section 3.8). This character has degree £?(1¢5) = £(1¢)? = 52 = 25. Decomposing pe2

@f L pi™ with the p; irreducible and pairwise non-isomorphic gives Zz n2=(21¢) =4
The only solutions in positive integers are: (k,n1) = (1,2), or k = 4 with all n; = 1. The first
is impossible since it would require 25 = deg pe2 = 2deg p1, but 25 is odd. Hence k = 4 and
n; = 1forall iz pe2 is a degree-25 representation that decomposes as the direct sum of 4 pairwise
non-isomorphic irreducible representations.

Solution to Exercise 4.39.

We use # Irr(G) = #{conjugacy classes} and 3, c1,,(¢)(deg X)? = #G =38.

Since G is non-abelian, at least one x € Irr(G) satisfies deg X > 2; since 32 = 9 > 8, this degree is
exactly 2. The trivial character contributes a term 12 = 1. Removing these two terms leaves 8—1—4 = 3
to be expressed as a sum of squares; since 22 > 3, the only possibility is 3 = 12 + 12 + 12. Hence the
unique solution is 8 = 12 + 12 + 12 + 12 + 22, with five summands, so # Irr(G) = 5 and G has exactly
5 conjugacy classes.

For the abelianisation: since G®" is abelian, every irreducible representation of G*" has degree 1,
s0 #G? = # Irr(G?). The degree-1 irreducible representations of G® pull back (via G — G?P) to
give exactly all degree-1 irreducible representations of GG, of which there are 4 by the above. Hence
#GP =4,

Solution to Exercise 4.40.

1. By the conjugacy principle, conjugation in S, preserves cycle decomposition type, so Vj is a
union of conjugacy classes of Sy, hence normal in Sy and a fortiori in A4. The quotient A4/Vy
has order # A4 /#Vy = 12/4 = 3, which is prime, so A4/V4 is cyclic.

2. For 0(123)0~! = (132) we need (o(1) 0(2) 0(3)) = (132), i.e. (up to cyclic rotation of the
target) 0 must map {1, 2,3} to itself with 1 — 1, 2 — 3, 3 — 2 (or a cyclic shift thereof). In
all cases this forces o to restrict to a transposition on {1, 2, 3}, which is an odd permutation. In
particular o ¢ Ay, so (123) and (132) are not conjugate in Ay.



APPENDIX A. SOLUTIONS TO EXERCISES 65

3. By part (2) and the conjugacy principle (restricting to even permutations), the conjugacy classes
of Ay are:

{1d}, {(12)(34), (13)(24), (14)(23)}, {(123), (142), (134), (243)}, {(132), (124), (143), (234)}.

That is 4 classes, so there are 4 irreducible representations. Their degrees n; < --- < ny satisfy
ny = 1,n4 > 2 (since Ay is non-abelian), and ) | nf = 12; the only solutionisn; = ne = ng =1,
ng = 3.

Pulling back the irreducible characters of A4/V) = Cj via the quotient gives three degree-1
characters 1, ¢, ¢ (where ¢((123)) = w and ¢((123)) = @). The remaining irreducible p of
degree 3 is found by noting that the permutation representation of A4 on {1, 2, 3,4} decomposes
as 1 @ p (the action is doubly transitive, hence p is irreducible by Exercise 3.42). Since X perm(9) =
# Fix g, we compute p = Xperm — 1:

Id (12)(34) (123) (132)
#11 3 4 4
1)1 1 1 1
¢ |1 1 w w
! 1 w w
p |3 -1 0 0

One can verify each row has inner product 1 with itself.

4. From part (1), A4/Vy = C3 is abelian, so D(A4) C Vj. The character table exhibits three degree-1
characters; since these correspond bijectively to the irreducible characters of the abelianisation
A2P_and A3P is abelian with # A3P = # Irr(A3P), we get #A3° = 3,50 |D(A4)| = 12/3 =4 =
|V4]. Combined with D(Ay) C Vi, this gives D(A4) = V.

5. Recall from Section 4.7 the character table of Sy (with classes Id, (12), (123), (1234), (12)(34)).
Restricting to A4, note that elements of A4 are even, so (12)(34) maps to the Sy-class (12)(34),
while (123) and (132) (both 3-cycles) map to the same S4-class (123):

Id (12)(34) (123) (132)
154\,44 1 1 1 1
elg, |1 1 1 1
Dy, |2 2 -1 -1
X\A4 3 -1 0 0
X% 3 -1 0 0

By inner products: 1g, ‘ a4, =1 and E‘ a4, =1 (the sign becomes trivial on even permutations).
Using w + @ = —1, one computes (w’A4 | ) = 1and (¢‘A4 | ) =1, s0 w}A4 >~ ¢ @ ¢. Finally
X‘A4 = pandxzs|A4 = p.

6. A double transposition (e.g. (12)(34)) permutes the vertices by swapping two pairs; geometrically
this corresponds to a 180° rotation of the tetrahedron about the axis joining midpoints of two
opposite edges. In a suitable basis this rotation has matrix diag(1, —1, —1), with trace —1. A
3-cycle corresponds to a 120° rotation about the axis through a vertex and the midpoint of the
opposite face, with matrix of trace 1 + 2 cos(120°) = 0. Hence the character of the tetrahedron
representation is (3, —1,0,0) = p, so this representation is isomorphic to p.
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Alternatively, the tetrahedron representation is faithful. If it contained no copy of p, it would
be a sum of one-dimensional characters of Ay, each of which factors through the abelianisation
Ay /Vs = C3; the kernel would then contain Vy # {Id}, contradicting faithfulness. So p is a
summand, and by degrees the representation equals p.

Solution to Exercise 4.41.

1. Since G is abelian, every irreducible representation has degree 1 (Corollary 4.23), so x is a group
homomorphism G — C*. Forall g € G, g% = 15, so x(9)? = x(¢°?) = x(1g) = 1, giving
x(9) € {+1, -1}

2. Writing Cy = {1, h}, the four irreducible characters of G = C x C5 are obtained from the
projections and the diagonal:

| (1,1) (h,1) (1,h) (h,h)

1| 1 1 1 1
o | 1 ~1 1 ~1
yr| 1 1 -1 -1
Yo| 1 -1 -1 1

where x, (resp. xr) inflates the sign of the left (resp. right) C>-factor, and x p inflates from the
diagonal quotient.

3. No. From the table: Ker1 = G, Ker x1, = {1} x Cy, Ker xg = C3 x {1}, Ker xp = {(z,z) |
x € Ca}. Every irreducible representation has non-trivial kernel.

4. Yes. The representation x, & xr has degree 2 and kernel Ker x;, N Ker xg = ({1} x C2) N
(Co x {1}) = {(1,1)}, so it is faithful. Since no degree-1 representation is faithful (part 3), the
minimum degree of a faithful representation is 2.

Solution to Exercise 4.42.

1. By Exercise 4.39, |D(G)| = 2, so D(G) = {Id, } for some z # Id. Since reflections conjugate
rotations to their inverses, 7p7~! = p~!, so the commutator 7p71p~t = p72 = p? £ Id.
Hence p? € D(G), giving D(G) = {Id, p*}.

The quotient G/D(G) is abelian of order 4. Every element of G/D(G) has order at most 2: the
rotations p and p~! satisfy p? € D(G), so they have order 2 in the quotient. Hence G/D(G) =
CQ X CQ.

2. The conjugacy classes of Dg are {Id}, {p?}, {p,p~ '}, {o,0'}, {7, 7'} (proved in the lectures). By
part (1) and Exercise 4.41, the four degree-1 characters are inflated from G/D(G) = Cy x Cs.
The fifth irreducible character of degree 2 is found from the regular representation (character
8,0,0,0,0) via 1 + ¢ + ¥ + ¢ + 2x = 8,0,0,0, 0:

Id p» p o 7
#11 1 2 2 2
1|1 1 1 1 1
o |1 1 1 -1 -1
v |1 1 -1 1 -1
|1 1 -1 -1 1
X |2 -2 0 0 0
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Solution to Exercise 4.43.

1. It suffices to check that each of —I, —J, —K is conjugate to I, J, K respectively. Indeed,
JIJ ' = JI(-J) = (—K)(—J) = KJ = —I, and similarly for .J and K. Since we know there
are exactly 5 conjugacy classes (by Exercise 4.39), and the five listed sets are disjoint with total
size #Qs = 8, they are exactly the conjugacy classes.

2. The centre consists of elements forming singleton conjugacy classes: Z(Qs) = {1, —1}.

3. Q8/Z(Qs) = {x1,£I,+J, £ K} is abelian (explicit check or: it is a quotient of order 4 of Qg
by a central subgroup). Every nontrivial element (+-1)? = (+J)? = (£K)? = -1 = 1in Qg/Z
has order 2. Hence Qg/Z = Cy x Cs.

4. We inflate the four degree-1 characters of Qg/Z = Co x Cy (cf. Exercise 4.41) to (Js. The missing
degree-2 character Y is recovered from the regular representation (as in Exercise 4.42):

1 -1 +I +J *K
#1011 2 2 2
11 1 1 1 1
611 1 1 -1 -1
vl 1 -1 1 -1
|1 1 -1 -1 1
Y|2 -2 0 0 o0

This is identical to the character table of Dg (Exercise 4.42). Yet Dg 2 Q)g: for example, Dg has five
elements of order 2 whereas (g has only one (namely —1). This shows that two non-isomorphic
groups can share the same character table.

5. The assignment I +— (é —Oz)’ J — (_01 (1)), K — (? é) is by definition a faithful

degree-2 representation of (Jg. Computing traces: at 1 the trace is 2 = x(1); at —1 the trace is
—2 = x(—1); at £/ the trace is i + (—i) = 0 = x(=£I); at £J and £ K similarly 0. Hence this
representation has character Y, so it is the unique irreducible representation of (g of degree 2.

A.5 Chapter5

Solution to Exercise 5.23.
We write n = 2m + 1, G = Da,, H = (p).

1. Since H is abelian, conjugation within H fixes every element; conjugation by 7 maps p* +— p=%,
and these are all conjugations (since G = H U7 H). Thus the G-conjugacy class of p* is { p*, p~* }.
For 0 < x < n this has size 2 unless p* = p~%, i.e. n | 2z; since n is odd, this forces x = 0. The
rotation classes are therefore {Id} and {p*, p=*} for k = 1,...,m. By the conjugacy principle,
all n axial symmetries form a single conjugacy class (any rotation carries one axis to another).

2. Inflating the trivial and sign characters of G/H = 7 /27 to G:

Id p*1<z<m) 7

#11 2
1|1 1 1
e |1 1 —1.
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Both are irreducible since they have degree 1.

3. (a) For g =1Id: ¢y(Id) = [G : H|deg xy = 2.
For a nontrivial rotation p”: since H is abelian every H-conjugacy class is a singleton, and
ceq(p®) N H = {p”, p~"}, so the induction formula gives

Uu(p") = oty (X (p7) 4+ (p77)) = €270/ 2RIV = g cos (2220 )

For any axial symmetry g: ccg(g) consists entirely of symmetries, so ccg(g) N H = () and

Yy(g) = 0.
(b) From (a), ¥y (p") = xy(p*) + x—y(p") for all x € Z/n’Z, so

Resg Yy = Xy + X—y-

(c) By Frobenius reciprocity and part (b),
(ty [ y)a = (Ind% Xy | Py)a = (xy | Resg y)u =14 (xy [ X—y)n-

Since the ,, are pairwise distinct irreducible characters of H, (xy | Xx—y)n = liffy = —y
(mod n), i.e.n | 2y. Asn = 2m + 1 is odd, the only solution in {—m,...,m}isy = 0.
Therefore 1, is irreducible for all y # 0 (while ¢g = 1 4 ¢).

4. By part (1) there are m + 2 conjugacy classes. Parts (2) and (3c) yield 2 4+ m irreducible characters:
1,¢e,and ¢, ..., Y, (these are pairwise distinct since Resg Yy =Xy +X—yfory=1,...,m
are pairwise distinct, and 1), = 1_,). The character table of Do, (n = 2m + 1 odd) is:

Id p*1<z<m) 7
# 1 2 n
1 1 1 1
1 1 -1
2
Py (1<y<m)| 2 2 cos ——Y 0
n

5. Only Id forms a singleton conjugacy class, so Z(G) = {Id}.
The derived subgroup satisfies D(G) = [oq g—1 Ker ¢ = Ker1 N Kere = Kere = H.

Solution to Exercise 5.24.

Let n = 2m, G = Dy,, H = (p) = 7Z/nZ, with o and 7 representatives of the two conjugacy
classes of axial symmetries.

Conjugacy classes. The same argument as in Section A.5 shows the G-class of p* is {p”, p~*}. Since
n = 2m is even, n | 2z holds for z = 0 and also for z = m: indeed p™ = —Id is central. This gives two
singleton rotation classes {Id} and {—Id}, and m — 1 classes {p*, p¥} for k = 1,...,m — 1 of size 2.
The axial symmetries split into two conjugacy classes of size m (vertex-to-vertex and edge-to-edge
axes). In total: m + 3 conjugacy classes.

Degree-1 characters. Let K = (p?) = Z/mZ; since Tp*r~! = p~2 € K, the subgroup K is normal
in G with [G : K| = 4. Every element of G/K squares to the identity, so G/K = Z/27 x 7./2Z by
Exercise 4.41. The four degree-1 characters of G/K inflate to:

‘ Id p*(1<z<m-1) -Id o 71

11 1 1 1 1
€11 (—1)* (-1)™ -1 1
n |1 (=1)* (-1)™ 1 -1
&l 1 1 1 -1 -1
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Degree-2 characters. For 1), = Indg Xy, the same computation as in Section A.5 gives ¢, (p*) =
2 cos(2mzy/n) and 1, (g) = 0 for any symmetry g. In particular Res$; ¢, = x,, + X—y, and Frobenius
reciprocity shows v, is irreducible iff n { 2y. Since n = 2m, this fails for y = 0 and y = m (and
indeed Y9 = 1 + & and ¢y, = £ + 0, using ¢, (p™) = 2 cos(my) = 2(—1)¥). Fory € {1,...,m — 1},
the characters 1), = 1)_, are m — 1 pairwise distinct irreducibles of degree 2. Together with the four
degree-1 characters this gives m + 3 irreducibles in total, matching the number of conjugacy classes.
The character table of Dy, (n = 2m even) is:

Id p*(1<z<m-1) -Id o 7

# 1 2 1 m m

1 1 1 1 1 1

¢ 1 (—1)* (—)™ -1 1

n 1 (—1)* —1)™ 1 -1

¢n 1 1 1 -1 -1

Yy (1<y<m—1)| 2 2c0s 2 oL 0 0

This gives Z(G) = {Id, —Id} (the two singleton conjugacy classes) and D(G) = K = (p?) (since
D(G) = Ker¢ NKern = K).

A.6 Chapter 6

Solution to Exercise 6.27.
Write w = €2™/3_ so that the irreducible characters of Zs are xk(m) = wk™ for k = 0,1,2

(Proposition 4.34). The function values are f(0) = 0, f(1) = sin(27/3) = @ and f(2) = sin(47/3) =
—@. By Definition 6.10,

foy=0, fO=Liv3)=-% = j2)=L3) =1

The fact that f(2) = f(1) reflects the general identity f(—k) = f(k) valid for real-valued f. Since f is
odd, f is purely imaginary — the discrete analogue of the classical fact that the Fourier transform of an
odd function is imaginary.

Solution to Exercise 6.28.

The Cayley graph I'(Zg, S) has six vertices 0, . . ., 5 arranged on a hexagon; each vertex i is joined
to 7 & 2 (two “diagonal” neighbours at distance 2 on the hexagon) and to i + 3 (the antipodal vertex).
It is therefore a 3-regular graph on six vertices: two disjoint triangles {0, 2,4}, {1,3,5} (from +2)
together with a perfect matching {03, 14, 25} (from £3), i.e. the triangular prism K3[1Ko.

By Corollary 6.18 with w = ¢>™/6 = ¢7/3 and S = {2, 3,4},

e = w + W + ' = 2cos(2E) + (-1)F, k=0,...,5.

Tabulating:
)\O — 3) )\1 — 727 )\2 — Oa )\3 — 17 )\4 — O, >\5 - 72
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Spectrum: {3,1,0,0,—2, —2}. Asacheck, >, A\, =0=trAand >, \? =18 = tr A2 =6- 3 (each
vertex has degree 3).
Solution to Exercise 6.29.

Since G is abelian, every function on G is a class function, so {x1,. .., X»n} is an orthonormal basis
of L(G) (Theorem 3.35, plus the fact that there are n = #G of them). Expand a, b as

n

n
1 .
a= E (xi | @) xi = - E a(gi) Xxis
i—1

i=1

using a(g;) = n(x; | a), and similarly for b. Then by orthonormality of the x;,

(a’b>:2d(gi)<b(gj)>( ) = 7122 a(gr)blo0) =~ (a | b).

i’j

Solution to Exercise 6.30.

1. Since f is a class function, f € Z(L(G)); equivalently, f * d, = 64 * f for every g € G. Applying
Theorem 6.25 and Remark 6.22 to both sides yields

F(p™) pk) () = p®)(g) f(p'¥)) forall g € G.

Conjugating entry-wise, f(p(*)) commutes with p(¥)(g) for all g, hence is a G-equivariant

endomorphism of the irreducible representation p(¥). By Corollary 3.3, f (p¥)) = ply, for some
1 € C, and therefore f(p*)) =7 1 d, is scalar. Taking traces:

di- 7=t f(o™) = 3237 0P (9) F(9) = - Flo)xela) = n(F | ).

giving f(p™) = 2-(f | xx) Ia,.

2. For f = e = (di/n)xi (ei | xx) = (di/n)(xi | xx) = (di/n)ds by orthonormality of
irreducible characters. Substituting into part (1):

R n d;
&i(pt)) = a — ik gy, = Ok Lay,-

3. By Theorem 6.25, & * ¢;(p®)) = é;(p)é;(pF)) = ik0jklq,. If i # j, this vanishes for every &,
so e;xe; = 0 by injectivity of the Fourier transform Ifi = j, theright side equals 0;, 14, = é;( pR)
for every k, so e; * e; = e;. Each ey, is a scalar multiple of a class function, hence central in L(G).

4. Sete = ey + -+ es. By part (2), é(p*)) = I, for every k. Applying Theorem 6.23,

dez Idk i 9074 Zd Z k) %deXk(g) = XLng)v
1,7 i k=1

where 7, is the character of the regular representation. By Theorem 4.3, x1.(9) = nif g = 1g
and 0 otherwise, so e = d1,.
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The identity 61, = ) ey, is the convolution-algebra version of the Wedderburn decomposition:
the ey, are the central idempotents of C[G] that project onto the p¥)-isotypic component, recovering
the projections of Theorem 4.24.

Solution to Exercise 6.31.
(®)

1. By Schur orthogonality (Theorem 6.7), the Fourier transform of ¢; ;" is

) ] K| n
2 0V =3 ol (9) £} (9) = (e 1 0) = - udiadp
g
SO cpg?) (pD) = (n/dg)0k Eij, where E;; is the matrix unit. By part (1) of Exercise 6.30, a(p(!)) =
(n/d;)(a | x1)14,- By Theorem 6.25,

—

- & n n
ax g (p0) = @%%%%=@wm»@%%,

which equals 0 for [ # k and - (a | X&) - %(;?) (p\¥)) for | = k. Hence all Fourier components of

a * gogj) agree with those of %(a ’ Xk)cp(»]?c)

i; » and by injectivity of the Fourier transform,

k k n k
F(%(j)) = a*%(j) = (Tk(a | X&) Soz(j)'

2. By Peter-Weyl (Theorem 6.8), the matrix coefficients {gogf) }k,i,; form a basis of L(G), and part (1)
exhibits each as an eigenvector of F'. Hence F' is diagonalizable.

3. By the same computation as in the proof of Theorem 6.17, (Js * dy;)(gi) = l[gig;1 € S| = Ay,
so the matrix of F' in the delta basis is exactly A. The eigenvalues of F’, and hence of A, are
therefore the numbers

4 (65 | xx) ZXk ZXk

SES

where the last equality uses S = S~! together with xj(s™!) = xx(s) to rewrite > ¢ xx(s) =

Sses Xk(sTh) =3, cq xk(s). For each fixed k there are d7 matrix coefficients go(l-ﬁ)

;; all sharing

this eigenvalue, so A\x has multiplicity d%.

4. Recall S3 has three irreducible representations: trivial (¥), sign (), and the standard 2-dimensional
(p), with d; = da = 1, d3 = 2 and character values on a transposition equal to 1, —1, 0 respec-
tively. Each s € S = {(12), (13), (23)} is a transposition, so

M=11+14+1)=3, X=71(-1-1-1)=-3, A3=3(0+0+0)=0,

with multiplicities 1, 1,4. The spectrum {3, —3,0,0,0,0} matches the well-known spectrum
of K3 3: the graph I'(Ss3, S) is bipartite, with even and odd permutations as parts, and every
transposition joins every even permutation to every odd one.

Solution to Exercise 6.32.
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By independence and the law of total probability, for each g € G,

PriXY=gl= > = PrX=zY=y=> gy vy =(xv)y),
(z,y)EGXG, vy=g yeG

where the second equality parameterises the solutions of xyy = g by y € G and = gy~ !, and the last
is Definition 6.2.

Iterating, the distribution of a product X - - - X}, of k independent random variables with distribu-
tions p1, . . ., pt is the convolution 5 * - - - % ug. This is the starting point for the spectral analysis of
random walks on groups: powers of the convolution operator describe the distribution of a walk, while
their spectrum — computed in Exercise 6.31 above for groups via characters — controls the mixing time.

A.7 Chapter 7

Solution to Exercise 7.24.

1. By Theorem 7.10, every irreducible degree d divides #G = 39, so d € {1,3,13,39}. By
Corollary 4.4, Y, d? = 39, so d? < 39, ruling out d; = 13 and d; = 39. Hence each d; € {1,3}.

Let m denote the number of degree-1 irreducibles and r the number of degree-3 irreducibles.
Then m+9r = 39. By Lemma 7.12, m = [G : G'] divides 39, som € {1, 3, 13,39}. The equation
m + 9r = 39 forces m = 39 = 3 (mod 9), leaving m € {3,39}.

If m = 39, every irreducible has degree 1, which (by Corollary 4.23 applied via > d? = #G =
# Irr(G)) would force G to be abelian, contradicting the hypothesis. Hence m = 3 and r =
(39 — 3)/9 = 4. Thus G has exactly 3 irreducible representations of degree 1 and 4 of degree 3.

2. By Theorem 4.21, the number of conjugacy classes equals # Irr(G) =3+ 4 =T7.

Solution to Exercise 7.25.

Suppose a non-solvable group of order p®q® exists, and let G be one of minimum order. We claim G
is simple non-abelian, which gives the result with «’ = a and ¥/ = b.

First, G is non-abelian: a finite abelian group is solvable (its derived series terminates immediately
at {1}).

Suppose for contradiction that G has a proper non-trivial normal subgroup N. Then #N = p® ¢™
and #(G/N) = p®~41¢"~%1, both strictly less than #G. By minimality of G, both N and G//N are
solvable. The class of solvable groups is closed under extensions: if NAG with N and G/N solvable,
then G is solvable. (Indeed, the derived series of G satisfies G*) C N once k is large enough that
G®).N/N = (G/N)*) = {N} in G/N; then it terminates because NN is solvable.) Hence G is solvable,
contradicting our assumption.

Therefore GG has no proper non-trivial normal subgroup, i.e. G is simple.

This exercise shows that to prove Burnside’s theorem in the form “every group of order p®¢®
is solvable,” it suffices to rule out simple non-abelian groups of this order, which is precisely what
Theorem 7.22 accomplishes (cf. the remark following its proof).

Solution to Exercise 7.26.

By Lemma 3.22, ¢(g) is diagonalizable with eigenvalues A1, ..., Ay that are roots of unity, and
x(g) =M+ + A

If g € ker ¢, then p(g) = 14, so every \; = 1 and x(g) = d.
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Conversely, suppose x(g) = d. Then |[A; + -+ + A\4| = d, so by Lemma 7.14 all the )\; are equal.
Their common value A satisfies d\ = d, i.e. A\ = 1. Hence ¢(g) is diagonalizable with every eigenvalue
equal to 1, which forces ¢(g) = Iy, i.e. g € ker .

A useful consequence: the kernel of ¢ is detected purely by the character, kerp = {g € G :
x(g9) = x(1)}. In particular, the character of any faithful representation distinguishes 1 from every
other element of GG. This is the starting point for recovering normal subgroups of G directly from
the character table: every normal subgroup is an intersection [, ker ¢ for some subset of the
irreducible representations.
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